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Tus Mor HonovnAbus 
THOMAS. 


Eaxr of MACCLESFIELD, 


LL, 3 


Lord High Chancellour 
1 


Great Britain. | 


Should not preſume to 
| inſcribe the following 
Piece to your Lordſhip, 
were it not that the Subie 
it treats of has been made the 


Entertainment of ſome of Le 
leiſure Hours. 
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As this Eſſay is founded 
partly on Mathematical Rea- 
ſoning, and partly on thoſe 
Probable Conjectures that may 
be derived from Fact and Ex- 
perience ; I thought I could 
not ſubmit to a better Judge 
than Your Lordſhip, the Truth 
of this Theory, the Conſequen- 
ces that flow from it, and their 

Agreeableneſs to the Rules of 
that Equity which ought to 
preſide in Contracts. 


Jam incouraged to hope 
for a favourable reception of 
this Performance, both from 
Your Lordſhip's known Good- 
neſs, and your noble Inclinati- 
on to promote Arts and Sci- 
ences, of which Your Lord- 


ſhip 


DDICATTON. 3 
ſhip has upon all Occaſions ; 
ſhewn Your ſelf the Great 


and Glorious Patron. 


THESE Motives, which of 
themſelves were more than 
ſufficient to induce me to give 
Your Lordſhip this Teſtimo- 
ny of my humble Reſpects, 
are alſo hightened from the 
Conſideration of thoſe Excel- 
lent Qualities which fo Emi 
nently diſtinguiſh Your Lord- 
ſhip, and thoſe Singular Virtues 
of which the Influence is fo 


univerſally Beneficial. 


I ſhall no longer detain 
Your Lordſhip, but only re- 
1 that You would be plea- 
ed to look upon the Liberty 
of this Addreſs, as an effect 
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ONE LITE 


PREFACE. 


H E Method of Calculating the Va- 
lues of Annuities upon Lives, ſeems 
never to have been perfectly underſtood 
"til Dr. Harley frft JIG 
the Rules of it ; which may be ſeen in 
the Philoſophical Tranſ. Ne. 196. 


ALTHOUGH there is ſome Ground to believs 
that what he writ upon that Subje was partly occaſio- 
nal; yet there appears in it the ſame exquiſite Judg- 
ment and Sagacity that has always ſhewn it ſelf in al 
his other Productions. ; 


AS this Calculation chiefly depends on the vari- 
ous Degrees of Probability which Lives of different Ages 
have to continue in Being, ſo it was previouſly neceſſary 
that a Table ſhould be conſtructed which might at one 
View exhibit the State of Life in Reſpect to its proba- 
ble Duration: Such a Table was accordingly conſiructed 
in the beſt Form that conld be contrived, out of froe 
Tears Obſervations upon the Bills of Mortality of Bre- 
flaw the Capital of Sileſia. 


BUT notwithſtanding the Pains taken by that excel- 
$ Mathemarician in fitting a true Algebraic Cal- 
A culation 


11 PREFACE. 
culation to his Table of Obſervations, yet | 
fible that both his Table and TP oY capable 
of farther Improvemens ; f this he ed his Senſe 
in the following Words : Were this Calculus founded 
on the Experience of a very great Number of Years, 
it would very well be worth the white to think 
of Methods to facilitate the Computation of 
Two, Three or more Lives. | 


FROM whence it appears that the Table of Ob- 
ſervations, being only the Reſult of a few Tears _— 
ence, is not ſo entirely to be depended upon as-to it 
the Foundation of a fixt and unalterable Valuation of 
Annuities for Life, and that even admitting ſuch a 
Table could be obtained as might be on the 
Experience of a very great Number of Tears, till the 
Method of applying it to the Valuation of ſeveral Lives 
would be extreamly laborious, confidering the vaſt Num 
ber of Operations that would be requifite to combine 
N Tear of each Life with every Tear of all the other 

Ives. | 


J own, that in the Method which I have taken 
# make the Calculation of Lives eaſy, I have not 
made uſe of any other Table than of that which has 
been conſtructed by Dr. HALLE Y for which Reaſon, 
J am contented it ſhould be thought that the Values 0 
Annuities, as deduced from my Calculation, are ſti 
liable to ſome Exceptions, and need not therefore pre- 
judice any eſtabliſhed Practice of Eſtimation. 


WHEREFORE al I can in Juſtice pretend 1. 
i3 to have contrived ſuch Rules as will make the Valuati 


on of Lives eaſy, whenever it ſball ſo happen that 4 


Table is produced that can be depended upon; as to the 
Sufficiency of the Number of Obſervations on which it 
is built, the Accuracy of the Obſeryers, and the Skill 
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PREFACE; M 
of thoſe who conſtrułi the Table from the Obſervations; 


I have been very particular in all the Queſtions that 
can be formed about Lives, and have rather choſen to 
inſert in this Tract ſome few Problems that do not ſo 
immediately relate to Practice, than omit any Thing which 
might be thought eſſential to my Subject. | 


AFTER I have ſhewn how to eſtimate the Value of 
one Life, I proceed to the Confideration of Tu, Three 
or as many Lives as may be aſſigned, and determine by 
an eaſy Calculation, 1ſt, The Values of joint Lives, 
that is, the Value of an Annuity which is to continue 
fo long as the Lives concerned are all of them ſub fiſting 
together ; 2dly, The Value of the longeſt Life, rhat 
is, the Value of an Annuity which is to continue ſo 
long as any One of the given Lives are in Being ; 
3dly, The Value of all Sorts of Reverſions, whether 
of One Life after One, of One after Two, of 
Two after One, Cc. whether thoſe Reverſions be for 
Lives nominated at the Time of the firſt Poſſeſſion, or to 
be nominated when the firſt Poſſeſſion expires. = 


WHAT is chiefly to be regarded in the Rules above 
mentioned, is the Fuſtneſs of their Conclufions ; for admit- 
ting that ſeveral Lives ſingly taken are rated at their 


4 proper Values : then the Value of an Annuity upon all 
ſti thoſe joint Lives, or upon the longeſt of them, is de- 
pre termined by neceſſary Conſequence ; thus if Two Lives 


fingly taken, be each of them worth 10 Tears Purchaſe, and 
the Rate of Intereſt be 5 per Cent, then it wil 
follow that an Anmaity upon the longeſt of them will be 
worth 13.44 ; and in the ſame Manner, if Three Lives 
fingly taken, be each of them worth 10 Tears Purchaſe ; 
then an Annuity upon the longeſt of them vill be worth 


15.14. 
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TO the End, that the Rules by me delivered 1m 
be of uſe to all Sorts of Readers, they have been expreſ- 
Jed in Words at length, and the greateſt Part of them 
illuſtrated by proper Examples; as for the Demonſtra- 
tion of thoſe Rules, it will eafily be apprehended by thoſe 
who being converſant in Algebra, are alſo acquain- 
ted with the Firſt Rudiments of the Doctrine of 
Chances. 


AFTER I have proceeded thus far, I ſub join an 


* 


| _— that has a very natural Connexion with the 
h 


ings before demonſtrated ; it contains a Method whereby 


tabing ſtill the Table of Obſervations to he qur Guide, 


the Expectations of -Life, and Probabilities of Surviv- 
orſhip are eafily determined. 


THE Expectation of Life, is that Duration which 
may juſtly be expected froma Lite of a given Age; and 


is properly a Medium between the longer and ſhorter | 


Durarions of a great Number of preceeding Lives, from 
the Time of their having attained the Age given, to the 
Time of their Extinction. With the preſeut Value of 
this Expectation, the Proprietor of a Life may be ſaid, 
an ſome Senſe, to have purchaſed an Annuity fer Life, 
of which the Rent is paid him in actual Duration, and 
thereby to have taken his Chance of an uncertain Durati- 
on, as an Equivalent for that fixt Duration be is en- 
tituled to by the Right of bis Expectation. | 


TO facilitate the C. peputations relating to that Sub- 


Jeft, I reſume an Hypotheſis which I had begun to in- 


rroduce in the firſt Part of this Traft : It conſiſts in ſuppo- 
fing that the Number of Lives exiſting of any Age is 
Proportional to the Number of Years intercepted between the 
Age given, and the Extremity of Old Age; thus if there 
be 36 Lives of the Age of 50, we may imagin that i 
the ſucceeding Tears, there will remain reſpefiively 35, 34, 
WG * | 331 
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33, 32, &c. ill they be all extinct in the 86th Tear, 
which is ſuppoſed to be the utmoſt Term of Lite. This Hypo 
thefis will appear in ſeveral Reſpeits to have ſome Founda- 
tion in Nature; 1ſt, As it aſſigus a Term to human Life, 
which is very rarely exceeded; 2dly, As it makes Life 
more and more obnox10us to decay; 3dly, As it has a 
near Conformity with the Table of Obſervations. After 
this Hypotheſis has been eſtabliſhed, I fud Means to cor- 
rect its Concluſions by help of the Table it ſelf, and to 
bring thera to ſo near a Degree of Cincidence with thoſe 
deduced Near by Year from the Table, that it may be 4 
doubt whether the Difference arifing from the Compariſon 
be not a Balance for ſome Unaccuracy that will ſtill re- 
main in the beſt Obſervations, 


THE Concluſions derived immediately from my M- 
pothefis have a very great degree of Simplicity, of which 
to give ſome Inſtances; ſuppoſe 1* it be required to find 
the Expectation of a Life of which the Age is given ; 
the Rule for finding it, is expreſſed in theſe few Words ; 
take the Half Difference between the Age given, 


and the Ex:remity of Old Age ſuppoſed at 86, and 


that half Difference is the Thing required ; thus if the 
Age be 50, then the Difference between 50 and 86 being 
36, whereof the Half is 18 ; it may be concluded that 
18 Tears is the Duration which a Life of 50 may juft- 
ly expect; but if the Ead of that Interval once happens to 
be attained by the Lite in Queſtion, then it acquires a 
farther Expectation of 9 Tears, and ſo on: 29 let it be 
required to find the joint Expectation of Two equal Lives; 
the Rule will be to take one third of the Difference be- 
tween their common Age and 86 ; thus if Two Lives be 
each of them 50, it may be expected that both of them 


| together may continue in Being during an Interval of 12 


Tears ; and if the Number of equal Lives be Three, 
Four, or Five, &c. then the Time due to their Joint 


Continuance 15 reſpeftively expreſſible by — 7 _ 5 T» 
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Kc. of the Difference between their common Age and 86; 


3* If there be ever ſo many equal Lives, then the 
Time due to the longeſt of them, that is the Time dus 
10 that Life which ſurvives all the reſt, may alſo be deter- 
mined ; for if there be Two, Three or Four equal Lives, 
then >, >, 5 » &c. of the Difference between their 
common Age and 86, will reſpectively expreſs the Dur 
ration required. 


believe it will not be amiſs, in this Place, to obviate 


a Difficulty that may be formed againſt Jome of the fore- 
going Qunclufions ; for it may be objected that admitting 
our Hypothefis to be trye, then the Value of an Annui- 
ty for an Age of 50, would feem to be equivalent to 
an Annuity certain for the Term of 18 Tears ; now it 
appears from the 1ſt Problem, wherein this Hypotheſis 
has been aſſumed, that an Annuity for an Age of 50, 
is worth only 10.34 Tears Purchaſe, which being the 
preſent Value of an Annuity certain for the Term of 15 
Tears or thereabouts ; it might from thence be infer'd 
that the ſame Principle leads to Two cantradictory Con- 


</ufions. 


IN Anſwer to this, I defire it may be confidered that 
the Value of an Annuity is partly regulated by the In- 
tereſt which the Purchaſer makes of his Money, and part- 
ly by the Chance of Life; that the fixing the Value of 
10.34 Tears Purchaſe to a Life of 50 is accidental, be- 
ing derived from an implyzed Suppuſition, that the Inte- 
reſt allowed to the Purchaſer is at the Rate of 5 per 
Cent. that, as the Intereſt finks, the Value of the An- 
nuity riſes and vice verſa ; and that in the Eſtimati- 
ons made of the Expectations of Life, there is no Re- 

ard to be had to the Rate of Intereſt, the Tears remote 

Tow the Age given, being as valuable in Point of Du- 

ration as thoſe that are next t0 it, and conſequently 

that no juſt Eſtimation can be made of the _— 
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ation of Life, but as it is compared with an Annuity 
of which the Purchaſe admits of uo Diſcount, and to 
which there is a Payment due, even to the laſt M 
IT may perhaps ſeem ſomewhat ſtrange that the Ser- 
lation concerning Survivorſhip ſhould be poſtponed to the 
Rules given for Settling the Values of Reverſions ; whew 
thoſe Values ſeem to ſuppaſe that the Chance of Sur» 
vivorſhip is already known. 
BUT it will not be difficult to account for the Steps 
taken in this Matter, for although the Notion of Sur» 


vivorſhip may ſucceſsfully be employed in determining 
the Values of Reverſions, yet it will be found that the 
common Caſes belonging to that Subject, are ſo eafily de- 
rived from a proper Combination of ſingle and of joint 
Lives, that any other Confideration would have been en- 
tirely ſuperfluous. 


NEVERTHELESS, the Probability of Surviv- 
orſhip may be uſeful in reſolving ſome extraordinary 
Caſes relating to Reverſions, viz. when it ſo happens 
that the Right of Reverſion does not neceſſarily de- 
ſcend to the Life in Expec tation, after the previous 
Demiſe of the Life in Poſſeſſion ; for a Life may in- 
tervene between the preſent Poſſeſſor and the Expeftant, 
to which the Right of Reverſion is immediately de- 
volved, upon its ſurviving the Life in Poſſeſſion, by 
Means whereof the Expectant is for ever excluded the 
Right of Reverſion, although he ſhould ſurvive the 
Perſon interpoſed en him and the preſent Poſſeſ- 
Jer; in this and other Caſes of the like Nature, the Chance 
of Survivorſhip regulates the Value of the Expeftation, 
of which it has been thought ſufficient to give one fin- 
1 Inſtance, which may be ſeen in my XXVII. Pro- 

em. | 
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THE Rules delivered in this Tract requiring all alu 
that the Extent of Lite ſhould be conſidered as confined, 
¶ have thought it convenient to fix the utmoſt Limit of it 
in the 86th Tear, whereby I have nearly conformed 1 
Self to the Table of Obſervations ; but as ſome exceptiona- 
ble Conſequences might perhaps flow from too rigid ax 
Application of that Principle to thoſe Years of Life that 
border upon its Extremity ; it will not be improper to de- 
clare, that my Meaning, in fixing that Term, imports no 
more than this, viz. that the Time of contracting for An- 
nuities being commonly very remote from the 86th Tear 
of the Life purchaſed, it is not likely that any Confidera- 
tion will then be given for the Chance of reteiving thy 
Rent of that Tear, which will produce the very ſame Con- 
cluſſons in Theory, as if the Extremity of that Jear 

were never attainable. | 


Page 13. Line 13. for 10.15 read 10.34} 
Page 56. laſt Line. for B. read E. | 
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VALUATION. 
OF 

ANNUITIE 


LIFE 


N eſtimating the Values of 
W ANNUITIES upon LIVES, 
Regard muſt be had to the 
| Intereſt which Money bears, 
and to the Probability of the Lives con- 
tinuing a longer or ſhorter Time. 
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regulated by Law, but the greater or 
leſs Probability of the Duration of Life 
Muſt be deduced from Obſervation. = 


Of AnNvuiTiEs 
THe Rate of Intereſt is generally 


TAE TABLE publiſhed by Dr. 
HALL Ex for eſtimating. the Proba- 
bilities of Life being very artificially 
contrived, and grounded on ſuch Ob- 
ſervations, as one may feaſonably ſup- 
poſe have been. made with all the Ex- 
actneſs poſfible, we have annex d it 
to this Treatiſe, in order to make uſe 
of it as Occaſion ſhall require. 

I x exhibits at one View the Proba- 
bility that a Perſon of any Age pro- 
poſed, may live any given Number of 
T eats. 

I T is diſtinguiſhed into ſeveral Co- 
lumns, ſhewing alternately the Age, and 
the Number of Perſons living of that 
Age, both which are always written 
over- againſt one another. 

SUP POSE. that by the help of this 
TABLE we would know what the 


reſpective Probabilities are for a Man of 


Thirty, to live 1, 2, 3, 4, 5, Cr. 
Years. | 


Loox 


For LIEBE. 3 
Look for the Number 30, in 
one, of the Columns of Age, under which 
Number you will find 31, 32, 33, 345 
ec. over-againſt the ſaid Number 30 
in the next adjacent Columm on the Right 
Hand, you find 531, under which are 
written 523, 515, 507, 499, Cc. each 
reſpectively correſponding in order to 
the Numbers written in the Column of 
Age ; the meaning of which is, that out 
of 531 Perſons living of the Age of 30, 
there remain but 523, 515, 507, 499, 
Cc. that attain to the reſpective Ages 
of 31, 32, 33, 34, &c. and who con- 
ſequently do from that Term of zo, 
live 1, 2, 3, 4, Cc. Years reſpectively. 
No w if out of the 531 Perſons liv- 
ing of the Age of 3o, there remain but 
523 after one Year expired, it follows 
that the Number of Perſons dead in that 
Time is the Difference between 531 and 
523, Viz, 8, and conſequently the Num- 
ber of Chances that a Perſon of that 
Age has to live one Year, is to the 
Number of Chances he has to die with- 
in that Year, as 523 to 8. 
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Bur if we make a Frafion whoſe 
Numerator {hall be the Number of Chan- 
ces for living, and the Denominator the 
Number of Chances both for living 
and dying, that Fraction will be the 
Meaſure of the Probability of Life's 
continuancſe. 8 | 

WHEREFORE, if the Numbers 
$23, 515, 507, 499, Cc. anſwering to 
the reſpective Ages, 31, 32, 33, 34, 
Cc. be written as Numerators f 10 ma- 
ny Frattions, whereof the common De- 
nominator be 53 1, anſwering to the Num- 
ber 3o, which is the Term from which 
we begin to reckon ; theſe Fradtions 
223, Ii, , , ex. will expreſs 
the Probabilities of a Man's of 3o, live 
ing to the reſpective Ages of 31, 32, 
33, 34, Cc. that is of living 1, 2, 3, 
4, Oc. Years computed from the Term 
ä 
- THis being admitted, ſuppoſe it 
be required to find the Value of an AN- 


NUITY for LIBE, for a Perſon of 


30 Vears of Age. 


LET the ANNUITY be 1c l. 
and the Rate of Intereſt 5 per Cent. 


| SINCE 
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for LIFE. = 
sic the preſeat Value of an 
Annuity of 1001, to be receiv- 
da Year hence ( Diſcount being 
nade at 5 per Cent.) is 95.23 it follows 
What ſuch would be the Value of the 
Year's Rene, were the Purchaſer 
Jure to live one Year ; but his living one 
WY car, being only probable accorcling 
Wo that Degree of Probability which 


Ws meaſured by the Fraction ut, we 


muſt conclude that the foregoing Sum 
f 95.23 ought to be diminiſhed in 
Whe Proportion of 523 to 531, or, in 
ther Words, that it ought to be mul- 
; iplied by the Fraction , which will 
educe it to 93.80, and this will be the 
Value of the firſt Year's Rent. 

IN the ſame manner may the ſecond 
WY car's Rent be calculated; for were it 
Wc crtain that this Rent would be received, 
he preſent Value of it would be found 
Wo bc 90.70; now its being receiv- 
Wd is only probable according to that 
WDcgree of Probability which is mea- 
ured by the Fraftion =; wherefore 
he Sum 90. o being multiplied by 
he ſaid Faction, the Product will be 


87.90, 


on 
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Life, may be calculated, and all theſe 


= 
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cording to that Degree of Probabili- 


23% wherefore the preſent Value o 


6 Of AnNvu1TIES 


87.90, which will be the preſent Va: 
lue of the ſecond Year's Rent. 

Ap by the like Proceſs, the pre- 
ſent Values of the 3d, 4th, 5th, &c. 
Years Rents to the utmoſt extent of 


ſeveral Values being added together, iſ 
the Sum will be the preſent Value of an 
ANNUITY upon a Life of Thirty, which 
will be found to be about 13ool. i 
ALTHOUGH the Number of Ope- 
rations that are to be made in order to 
eſtimate one ſingle LIF E be very nu- 
merous, yet that being once determin- 
ed, the Value of the next younger 
Life may eaſily be obtained. 30 
TH us ſuppoſe it were required to 


determine the Value of a Life of Nine 


and Twenty, from the given Value of 2 
Life of Thirty, we may argue thus, 
THE preſent Value of the firſt 
Vear's Rent, upon a Certainty of its 
being received, would be 95.23 ; but 


its being received is only probable ac- 


ty which is meaſured by the Faction 


$399 


that 


hat Rent upon the Contingency of the 
Wife's failing in the firſt Year, is the 
Product of 95.23 by 25, that is 
2.82. 1 5 
1 IKE WISE, the preſent Values of 
All the ſucceeding Rents will be 1 300, 
hen once the Age of 30 is attain- 
a, as we have ſeen before. 

W BUT it being uncertain whither that 
Age will be attained to, that Value ought 
Wo be diminiſhed in the Proportion of 
W531 to 539, which will reduce it to 
1280.7, and this Sum the Purchaſer 
Night engage ſhould be paid after the 
er Expiration of one Year whether he liv- 
Wed or not, for the Expectation of en- 
Woying the ANNUITY after the Age 
Wot Thirty. r 
Bor if the Sum of 1280.7, which 
Wis payable after one Year, be diſcounted 
Wat the Rate of 5 per Cent. its preſent 
value will be reduced to 1219.7, which 
being added with the preſent Value of 
che firſt Year's Rent, viz, 93.82, the 
Sum will be 1313.52, which will be 
the Value of an ANNUITY for a 
Lite of Nine and Twenty. 


By 


for Lev, 7 "I | 
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By help of the Method hitherto er. 


plained, thoſe that will take the Pain 


may, if * think fit, compoſe TA 


BLES of the e Values of thoſef 
ANNUITIES for any Age propoſed 8 
and for any Rate of bx. or f 
be fixed upon. | 

BUT till that be done, it will bl 
convenient to ry whether there be no 
ſome eaſy practical Method whereby the 
Values of thoſe ANNUITIES may bl 


determined very near as accurately Mi 


1 had been deduced Year by Yea 
om the Tables of Obſervation. 1 
THzxs may be ſo much the mor 

readily undertaken, that any ſmall 
Difference that may ariſe from rhe 
two Methods of Calculation is not to 
be regarded in a Subject of this Na · 
ture. | 4 
IN order to it, we may conſider 
that whatever be that Law which ih 
obſerved by Nature in the perpetual iſ 
Decrements of human Life, that Law il 


muſt, conformably to all the other i 


Laws of Nature, be ſuch as to 2 
ceed regularly, at leaſt for ſome {ſhort 
Intervals of Time. Wir- 


- for LIFE. 9 
WHEREFORE if we cxamin Dr. 
HALLEY'S Tables with a View of 
diſcovering what Regularity there may 
be in the perpetual Decrement of Lives, 
and how far that Regularity. is extend- 
ed, we ſhall find that out of 646 Per- 
ſons of twelve Years of Age, there re- 
main 640 after one Year, 634 after 
two, 628, 622, 616, 610, 604, 598, 
592, 586, after 3, 4, 5, 6, 7, 8, 9, 
10 Years reſpectively. | 
FROM whence we may conclude, 
that for a Space of ten Years, there is 
a Decrement of the Probabilities of 
Life, according to the Order of an A- 
rithmetic Progreſſion, theſe Probabili- 
ties being e, , , Cc. 
I T is carefully to be obſerved that 
the Decrement of theſe Probabilities is 
here conſidered as beginning from the 
ſame Term, and that as the firſt Frac- 
tion above written, repreſents the Proba- 
bility of living from Twelve to Thir- 
teen, ſo the next repreſents the Probabi- 
lity of living from Twelve to Fourteen, 
the next to this, the Probability of liv 
ing from Twelve to Fifteen, Cc. 
= 
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IN the ſame Manner, if we take 
the Term 42, we ſhall find that for 
8 Years together, the Probabilities of 
living to 42, 43, 44, 45, Cc. are re- 
ſpectively repreſented by the Fractiom 
212. £22, 322, , Oc. which de- 
creaſe in Arithmetic Progreſſion. 

AND in taking greater Intervals, we 


find that out of 531 Perſons of Thirty 


Years of Age, there are but 262 re- 
maining after Twenty Eight Years ; 
and again that all thoſe who are then 
remaining are very near extinct after 
Twenty Eight Years more, viz. in the 
86th Year, which we may well ſuppoſe 
without any conſiderable Error to be 
the utmoſt Term of human Life. 
Now ſince thoſe that are living of 
Thirty Vears of Age are reduced to 
about one Half in Twenty Eight 
Vears, and that in Twenty Eight 
Years more, the remaining Half is 
very near extinct, we may ſuppoſe 
that, during the Interval of Fifty Six 
Years, the Decrements of Life conſider- 
ed from the Term of Thirty, are con- 
ſtantly equal. e 
| LET 
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for LIFE ' 1 
Lx T us therefore conſider, ie what 
Wwould be the reſult of an Hypotheſis 
chat makes the Probabilities of Life to 
; decreaſe in Arithmetic Progreſſion : 27 
W how far the Calculations deduced from 
W it agree with the Tables: 3* what Cor- 
rections are neceſſary to be made to it 
W where it varies from the Tables. 


PROBLEM I 


: 8 UPPOSING the Probabilities of 

; Life to decreaſe in Arithmetic Pro- 
greſſion, to find the Value of an Annuity 
non ſuch a Life. 


SOLUTION, 


ET 1, be the Rent; r, the Rate 
J of Intereſt, that is the Intereſt of 
one Pound joined with its Principal; n, 
the Number of Years comprehended 
between the Term given, and the laſt 

Term in which the Probability of Life 
is ſuppoſed to be extinguiſhed ; Let al- 
ſo P be the preſent Value of an An- 

nuity certain for the given Number of 
Years, C3 Tuls 
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12 Of ANNUITIES 
THr1s being ſuppoſed, the Value 
of an Annuity upon ſuch a Life will 
be Ec xo which ma) be thus ex- 
preſſed in Words at Length. 
TAE E the Value of an Annuih 
certain, for ſo many Vears as are in- 
tercepted between the Age given, and 
the utmoſt Term of Life ſuppoſed to 
be at Eighty Six compleat; multiply 
this Value by the Rate of Intereſt, and 
divide the Product by the Number of 
Years belonging to the Annuity ; let 
the Quotient be ſubtracted from Uni- 
ty, and let the Remainder be divided 
by the Intereſt of one Pound: This 
laſt Quotient will expreſs the Value of 
an Annuity for the Life given. j 
 THrvus, ſuppoſe it were required to 
find the preſent Value of an Annuity of 
one Pound for a Life of Fifty, Inte- 
reſt being at 5 per Cent. 3 : 
THE Number of Years intercept- 
ed between Fifty and Eighty Six, is 
Thirty Six; therefore let the Value 
of an Annuity certain for Thirty Six 
Vears be taken out of the Tables of 
W Anni 
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W nnuities :; ; this Value will be found 


o be 16.5468. 
LET this * mnkinlied by 1 * 


W Rate of Intereſt, the Product will be 


7.3741. 
Lr this product be divided by 


the Number of Years, viz, by 36; 
Wche Quotient will be 0.4826. 


SUBTRACT this Quotient from 


g 1, the Remainder will be o. 5 174. 


LASTL v, divide this Quotient by 


che Intereſt of one Pound, viz; by 0.05, 
and the new Quotient, viz, 10.15 will 
be the Value of an Annuity of one 
1 Pound for a Life of Fifty. 


DEMONSTRATION. 


| 8 INC E, by Hypotheſis, the Pro- 


34 % Life mat in A- 


1 Mreſſſon, it follows that they 
may be reprelented by the following 


eries, 


2221 .- 32929 —.— 2 — | 


i whoſe Terms being 3 "Svichad 


B the Terms of the Geometric Progreſ- 
ion, r, ir, Y, r*, Cc. the new Series 
re- 


7 
2 
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reſulting from theſe Diviſions, viz;- 


n— 1 2 n —3 n —4 — 
Byy $ nr 9 141 ) * 


{+ xr" 
will expreſs the Value of all the Rents 
to be received yearly, and eſtimated 
in preſent Money ; and conſequently 
the Sum of the Terms of this Serie; 

is the __ Value of the Annyity 
required. REY 

BUT in order to find the-Sum of al 
theſe Terms, it is to be obſerved that 
the Series which they compoſe may be 
divided into two other Series, viz, 


LT» Tis + qo cod 
aq EET + od > od oo; 


ar n 11 . . 
whereof the Second is to be ſubtracted M 
from the Firſt. 25 3 
'THE Sum of the firſt Series may 
be look d upon as given, being an Au- 
nuity certain for a Number of Years 
expreſſed by n, and may either be de- 
rived from Tables exhibiting the Va- 
lues of Annuities for any Term of Years, 
and a given Intereſt, or be readily cal- 
culated by the known Method of ſum- 
ming up the Terms of a Geometrie 
Progreſſion ; this Sum being contain 


n 
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n the ſhort Expreffion , Which 


Fog 


. e may ſuppoſe equal to P. 
a T 9 Method of calculating the 
ly WWSum of the ſecond Series is not ſo 


ulgarly known, but it may be deriv- 
d from a general Theorem in the Doc- 
rine of Chances, pag. 132, which ſhews 


- > ro be ? + 28 : Wherefore, we 


e EFT 


Wnay conclude that the preſent Value 
f the Annuity required is — —P 


* 
121 


IN order to compare this, with the 
alue deduced from Dr. HALLE VS 
Tables, Let us ſuppoſe firſt, the Age 
Wor which the Amuity is to be calculated 
Wo be Thirty; in this Caſe, u = 56, 
Net the Rate of Intereſt be = 1.06 =r; 
hen P will be = 15.524; from 
Which Suppoſitions, the Value of the 
W1nuity required will be found to be 
W 1.61, which differs from that given 
yy Dr. HALL E v, viz, 11.72, by ve- 
little more than -— of a Year's 
Nurchaſe. „ | 


LET 
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LET us now ſuppoſe the Age fe- 
quired to be Forty, then the Value re. 
quired will be found to be 10.70, which 
exceeds that given by Dr. HALLE 
Viz. 10.57 only by the ſmall Fractio 
13. be] 
5 the . Age be Fifty, then the Va- 
lue required will be found to be 9. 49, 
which differs in Exceſs from the Values 
of the Tables by 0.28. 5 
Ip the Age be Sixty, the difference 
in exceſs will be o. 23. Wl 
IE the Age be Seventy, the difference 
in exceſs will be 0.18. 
FROM whence we may conclude, 
that let the Rate of Intereſt be what it 
will, the Value of an Annuity for an 
Age not leſs than Thirty, will by help 
of our Canon, be found nearly the 
ſame as the Values deduced from the 


Tables. 


BuT if we try by our Canon what 
will be the Value of an Annuity for an 
Age leſs than Thirty, ſuppoſe Twenty, 
we ſhall find that this Value will be 
12.30; whereas the Value found by 


the Tables is 12.78 ; therefore 2 
12 


nt!!! 7 
difference .058 now lies on the con- 


trary Side of what it did after Twen- 


ty. 0 
: AND if we try what will be the 
Value of an Annuity for an Age of 
Ten, we {hall find this Value to be 
12.84, which is deficient from the 
Value found by the Tables, viz; 13.44 
by 0.60. | 
LasSTLy, if we calculate what 
would be the Value of an Annuity for 
an Infant One Year old, we ſhall find 
this Value to be 12.57, which differs 
in Exceſs from the Value found by the 
Tables, viz, 10.28 by 2.29. 

The Reaſon of which Yariations 
may eaſily be aſſigned; for the De- 
crements of Life towards old Age are 
ſomething quicker in the Tables, than 
the Decrements ſuppoſed in our Hypo- 
thelis, for which Reaſon the Values of 
Annuities deduced from the Tables are a 
little below thoſe that are deduced from 
our Canon. 

BUT towards the Beginning of Life, 
Viz, from the Age of Ten and up- 
wards, the Derements of the Tables are 

D ſome- 
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ſomething ſlower than in our Hypothe- 
ſis; for Inſtance, if we examin the 
Numbers ſet down in the Tables over- 
againſt 20 and 21 we find 598, 592, 
and conſequently the firſt Decrement 
after the Age of Twenty, being 6 in 
598, it follows that if the ſucceeding 
Decrements were to continue in that 


Uniformity, a Life of Twenty could 


not be ſuppoſed to be neceſſarily ex- 
tinguiſhed till 100 Years after, which 
might make it reach to 120, and this 
Difference between the Decrements of 
the Tables, and thoſe of our Hypo- 
theſis, are the Occaſion of the ſecond 
Variation obſerved in the Eſtimation of 
Annuities. | 

T E third Variation, which is the 
molt conſiderable, is occaſioned by the 
Increments of Life, from Year to Year, 
between the firſt Year and the Twelfth; 
for according to the Tables, the Pro- 
babilities of living One, T'wo, Three, 
Four, Sc. Years, all to begin from 
the Firſt, are reſpectively ==, ==, 2 
22 Oc. from whence it follows, that 
the Probability of living from the 5 
1 con 
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cond to the Third, is greater than the 
Probability of living from the Firſt to 
the Second, and that the Probability 
of living from the Third to the Fourth, 
is greater than the Probability of liv- 
ing from the Second to the Third, and 
ſo on ; theſe Probabilities written in 
cheir natural Order being expreſſible 
by the Fractions 1885, , 253, 75, Wc. 
of which every One 1s greater than 
that which preceds it, till we come 
to the greateſt of all, viz. 242, which 
expreſſes the Probability of living from 
the Twelfth to the Thirteenth Year, 
after which there is a perpetual De- 
creaſe to the End of Life. 

Now in the Hypothelis of a per- 
petual and equable Decrement of the 
Probabilities of Life, to begin from a 
Term given, there is alſo a perpetual, 
though not equable Decrement of the 
Probabilities of Life when eſtimated 
from Year to Year, which makes it 
that ſuch an Hypotheſis muſt differ 
the moſt from the Tables of Obſerv- 
_ for the Twelve firſt Years of 

ife. 


9 -4 BUT 
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Bor although the Notion of an 
equable Decrement of Life to begin 
from the Age of Twelve, and to con- 
tinue throughout the whole Extent of 
Life, do not exactly agree with the 
Tables; yet that Notion may ſucceſſ- 
fully be employed in conſtructing a 
Table of the Values of Annuities for 4- 
ges not inferiour to Twelve, as will 
appear by the Conſequences deduced 
from the following Problem. 


PROBLEM II. 
T5 find the Value of an Annuity 


r a limited Interval of Time, du- 
ring which the Decrements of Life may be 
conſidered as equal. | 


SOLUTION. 


| E T a and b repreſent the Num- 
L ?ber of People reſpectively, living 
in the Beginning and End of the 
given Interval of Years, which Inter- 
val we will ſuppoſe = n; Let f 


be 
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be the Value of an Aunnity certain 
for that Number of Vears; make 


J 


—+ÞP — V then will the Value of 


an Annuity granted for that Interval of 
Life be = 0 + + xP— @, which may 
be thus expreſſed. 

i' Take by the preceding Problem 
the Value of an Anmuity for a Life ſup- 
poſed neceſſarily terminated in the giv- 
en Interval of Time. 

2* Subtract this Value from the Va- 
lue of an Annuity certain, to continue 
ſo many Years, as are contained in the 
given Interval. 

3 Multiply the Remainder by the 
Number, which in the Tables termi- 
nates the given Interval, and divide 
the Product by the other Number, 
which anſwers to the Age given. 

4 To this Quotient add the Value 
firſt found, and the Quotient will be the 
Value required. 

THUS, ſuppoſe we would find the 
Value of an Annuity for an Age of 
Twelve, to continue Ten Years and 
no longer, and to ceaſe from the 


Time 


WEI m * 
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Time that the Life may happen to 


fail within the Interval given: Intereſt 
at 5 per Cent. (os | 
THE Value of an Annuity for 2 
Life, ſuppoſed to be neceſſarily extin- 
guiſhed in Ten Years is by the pre- 
ceding Problem, 3.7843. a 
THIS being ſubtracted from th 
Value of an Annuity certain for Ten 


Years, viz, 7.7217, the Remainder will 


be | - |. 
THIS Remainder being multiplied 


by the Number 628, which in the 
Tables anſwers to Twenty Two, ter— 
minating the given Interval, and di- 
vided by the Number 616, which in 
the Tables anſwers to Twelve, the 
Age given, the Quotient will be 3. 8 277. 
IIS Quotient added with 3.7843, 
Value found by the firſt Article, the 
Sum will be 7.6120, which will be 
the Value of the Annuity required, 
and is juſt the ſame as if it had been 
deduced Year by Year from the Ta- 
bles. 


DE- 
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IN CE the whole Interval be- 

tween 4 and b is filled up with 
Arithmetic Means, it follows that the 
Number of People living in the Be- 
ginning and End of every Year of the 
Time given, will reſpectively be repre- 
ſented by the following Series, viz. 

c 20 


and conſequently, the Probabilities of 
living 1, 2, 3, 4, Cc. Years, to be- 
gin from the Term given, will be 
repreſented by the Series. 


na —a+b 12 — 242 — 25 6b 
na 3 na eo ee a * 


WHERE FOR E the Value of an 
Annuity, granted for the limited Time 
comprehended within the given Inter- 
val of Vears, will be expreſſed by 
the Series, 

ö — 5 


* © 9 &@ — 
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which Series is diviſible into two o- 
thers, viz. 
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BUT the Value of the firſt Serie 
_ = 0 by the firſt Problem, and the 
Value of the ſecond is by the ſame 
x P+3P—1 or 2 * 5 


91 


Therefore the Value required is Q 4 


2 Xx 
COROLLARY, 


INC E the Decrements of Like 
may without any ſenſible Error 

be ſuppoſed equal, for any ſhort In- 
terval of Time; it follows that if 
the whole Extent of Life be divided 
into ſeveral ſhorter Intervals, whether 
equal or unequal ; the Values of Au- 
nuities for Life to be eſtimated from the 
Beginning of each of theſe Periods, 
may eaſily be calculated from the pre- 
ceding Theorem, conformably to any 


Tables of Obſervations, and for any Rate 
of Intereſt. 2 
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LET OA repreſent the whole In- 
terval of Life, intercepted between the 
firſt Inſtant of Birth at O, to the Ex- 
tremity of old Age at A. 5 
L x that Interval OA be divided in- 

to ſmaller Intervals of Time, AB, BC, 
| CD, G&c. reſpectively equal to u, p, 4, 
| &c. during the Continuance of which, 
the Decrements of Life conſidered from 
the reſpective Terms B, C, D, Cc. 
may be ſuppoſed to be equal; Let 
BE, CF, DG, ec. reſpectively equal 
to a, b, c, &c. repreſent the Number 
of Perſons living in the Beginning of 
each of theſe Periods of Time. 

THE Value of an Amity for the 
Interval AB is given by the firſt Pro- 
blem; Let it be called A. : 

THis ſame Value eſtimated from 
the Term C, would be, according to 


the 
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the Rules of Diſcount, 5 if it was ſure 


N : ord ation 
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the Life would continue during the 
Interval CB; but this being only pro- 
bable according to that Degree of Pro- 
bability, which is meaſured by the Frac- 
tion 3, it follows that the abſolute 
Value of an Annuity to continne for the 
Time AB, and to be eſtimated from 
the Term C, is + x ; Now this 
Value being added to the Value of an 
Annuity, to continue during the Interval 
CB (which may be obtained by our 
ſecond Problem) the Sum will be the 
Value of an Annuty for the Interval CA. 
IN the fame Manner, this laſt Va- 
lue, which we may call B, being eſti 
mated from the Term C, will be re- 
duced to Xx; and this being ad- 
ded to the Value of an Annuity to con- 
tinue during the Interval D C, the Sum 
will be the Value of an Annuity for the 
Interval DA 
AND by the ſame Method, the 
Value of Annuities may by Retrogreſſion 
be found for any Age not inferiout 


to Twelve. 


As for the firſt Twelve Vears, the 
Proceſs may be as follows. LET 
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LE T the Number ſet down in the 
Tables, over-againſt the 24, 7th, and 
12th Year, be feverally divided by the 
Number ſet down over-againg the firſt, 
and let the Quotients be ſeverally divided 
by r, % , which may be readily per- 
form d by Logarithms; Let the new Quo- 
tients be reſpectively called E, F, G 
and let the Interval between the firſt 
and twelfth Year, Viz, 11 be called q ; 
then will the Value of an Amniuty grati> 
ted for that Interval of Life which be- 
gins at 1, and terminates at 12, be 
very neat equal to _ 
. „f Fr Et Pan IxF. | 

UPON the Principles hitherto ex- 
plained, I have calculated the Values 
of Annuities for every 10th, Year for an 
Intereſt of 5 per Cent. which are as fol- 
lows, 


Age. rs. Turck Age. Yes. Pure 


76 3.78] 36 | 12.20 
66 6.4626 13.60 
568.8816 14.84 
46 | 10.62] 65.21 
3 1 | 11.70: 


— 
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07 the Valuation of Annuities 
upon ſeveral Lives. 


PROBLEM III. 


UPPOSING a Fictitious Life, 

of which the Number of Chances to 
continue yearly, be conſtantly equal to a, and 
the Number of Chances to fail, conſtantly 
equal to b; ſo that the Odds of its con- 
tinuing, during the Space of any one Near, be 
to its failing in that ſame Interval of Tim 
as a to b; to find the Value of an Annu- 
ity upon ſuch a Life. 


SOLUTION. : 


E 1 be the Aunuity, r the Rat 
of Intereſt ; make 4 + bs. 

Ir is plain from what has been 
ſhewa already, that the preſent Value of 
the firſt Year's Rent is ; of the Se- 
cond =>, of the Third + , Or. 
and ſo on; which Terms conſtitut- 
ing a Geometric Progreſſion, the dum of 
, 15 ==> | 


ye «mg 


 THERE- 
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THEREFORE i' take the Num- 
ber of Chances which the Life given 
has for its continuing one Vear, and 
let that be made the Numerator of a 
Fraction. ates tt 
2 MULTI1IPLy the Number of 
all the Chances both for the Life's con- 
tinuing and failing, by the _ of In- 
tereſt, and from the Product ſubtract the 
Number of Chances for its continuing, 
and let the Remainder be made the De- 
nominator of the ſame Fraction. | 

* DiviDE the Numerator by the 
Denominator, and the Quotient will ex- 
preſs the Value of an Annuity. 

THUS if there was a Life ſo con- 
ſtituted as that the Chances of its conti- 
nuing any one Year, were to the Chan- 
ces of its failing in that Year, con- 
ſtantly as 21 to 1, the Value of an 
Aunuity upon ſuch a Life would be worth 
exactly 10 Years Purchaſe, Intereſt be- 
ing ſuppoled at 5 per Cent. as appears 
from the following Operation. Tos: 

21 Number of Chances for continu- 
ing One Year, Numerator of the Frac- 
tion. 3 


* * ; 
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OE Chance for failing in that Year. 


22 Sum of all the Chances, which 
multiply d . 
by 1.05 Rate of Intereſt. 
| Prot 23.1 3.1 from which ſubtract 
21. Number of Chances for 


continuin uing 


Remain” 2. 1 Denominator of the Fraftion 
Faction -2*- = 10 Years Purchaſe. 


COROLLARY, t 
A N Annuity upon a fictitious Li 


being given, the Probability of 
its continuing any one Year is allo gi- 
ven, for let the Value of ſuch a Lyfe 
be = M, then 77=5 = M, T herefote 


<= a. that is 


Ir the Value of the Life be mile 
ply d by the Rate of Intereſt, and the 
roduct be vided by the Value of the 
Life increaſed by Unity, the Quotient 
will expreſs the Probability of the Life's 
continuing one Year, or thus 
1 MULT1PLY the Value of the 
Life by the Rate of J * 


2 
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1 FROM the Value of the Life in- 
creaſed by Unity ſubtract the preceding 
product. ; 

THEN the Proportion of the Pro- 
duct to the Remainder, will expreſs the 
Proportion of the Chances which the 
Life has for continuing one Year, to 
the Chances it has for ailing in that 
Year. | 


COROLLARY Il. 


F a real Life, whoſe Value as de- 
| duced from the Tables of Obſervati- 
ons, be worth 10 Years Purchaſe ; then 
ſuch a Life is equivalent to a FiRtiti- 
ous Life, whoſe Chances for continuing 
one Vear, are to the Chances of its 
failing in that Year, as 21 to 1 


COROLLARY in. 


HE. REFORE, having cal- 
V culated a Life from the Tables 
of Obſervations, and having obtained the 


true Value of it, we may transfer the 
Value of chat Life to that of a Ficti- 
tious 
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. tious Life, and find the Number of 
Chances it would have to continue or 


to fail yearly. 


, *y 


COROLLARY W. 


ND the Combination of two 
or more real Lives, will be ve- 

ry near the ſame as the Combination 

of ſo many correſponding fictitious Live, 

and therefore an Annuity granted upon 
| two or more real Lives, will be very 
þ near the ſame as an Annuity granted up- 
il on ſo many correſponding *fiftitions 
Lives, and the Values of the Reverſions 
granted upon the real Lives, will be 
very near the ſame as thoſe your 
upon the fiftitious Lives. 


PROBLEM IV. 


HE Values of two ſingle Live 
being given to find the Value f 
an Annuity granted for the Time i they 
Joint Continuance. 


SOLU. 


of 


i 
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SOLU TION. 


ET the Values be reſpectively M 

and P, r the Rate of Intereſt , 
then the Value of an Annuity upon the 
two joint Lives, will be 
MIP IMP r 
thus expreſſed. a 
MULTIPLY together the Va- 
lues of the Lives and the Product a- 


gain by the Rate of Intereſt, and let the 


3 which may be 


new Product be made the Numerator of 


a Fraction. | Os: 

1 ADD Unity to each of the ſingle 
Values, and let theſe two Values thus 
increaſed by HYnity be multiplied toge- 
ther, and from the Product ſubtracting 
the Numerator before found, let the 
Remainder be made the Denominator of 
the ſaid Fraction: | . 

3 DiviDE the Numerator by the 
Denominator, and the Quotient will be the 
Value of an Annuity to continue ſo long 
as both the Lives together are in being; 


. Tuus 
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T Rus it will be found that if the 
two Lives ſi ingly taken, be reſpectively 
worth 8 and 10 Years Purchaſe, the 


Value of an Annuity upon the two joint 
Lives will be worth 5.6 Years Purchaſe, 


as will appear by the following Operas 


tion. 

8 Value of the firſt Life. 

10 Value of the ſecond 
Product Zo which multiplied by the 
Rate of 
I ntereſt 1.05 05 

84.0 new Product, Nane of 

the Faction. 


9 firſt Value increaſed by 1 


1 n ſecond Value increaſed by 1 


Product 99 99 at 

ſubtract 84. Numerator firſt found Cc 

Remain” 1 5 5 Denominator of the Fraction. Ol 
Fraction —— 


15) $4 (5.8 Value of the two 

Joint Lives. 
IN the ſame manner, it will 1 found 
hes if the Values of the ſmole Lives 


were reſpectively 10 and 12 Yeais 
Pur- 


for LIEBE. 


Purchaſe, the Value of an Amuity up- 
on the two joint Lives would be 7.412 
Years Purchaſe. 

AND that if the Values upon the 
ſmgle Lives were reſpectively 8 and 12, 
the Values of an Annuity upon the two 
joint Lives would be 6.222 Years Pur- 


chaſe. 
DEMONSTRATION. 


ET xand y repreſent the reſpe- 
ctive Probabilities of the Lives 
continuing One Year, then the Pro- 
duct xy will expreſs the Probability 
of their Joint continuance for One 
Year; and xx yy, the Probability of 
their Joint continuance for T'wo Years; 


and x* the Probability of their Joint 


continuance for Three Years, and ſo 
on: Wherefore the Value of an Annu- 
ity granted for all the Time of their 
Joint continuance will be expreſſible by 
the following Geometric Progreſſion, Viz. 


2 LT &c. whoſe 


dum is =; , but by the Firſt Corol- 
F 2 lary 
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lary of the Third Problem, x — FT 


and by the ſame Corollary, 1 P 
Wherefore the Values of the two joint 


7 3 Mr | 
Lives F M-+1xP+ t—MPr * had 
been determined. | 


PROBLEM V. 


HE Values of two ſingle Live 
being given, to find the Value 

of an Annuity upon the longeſt of them; 
that is to continue ſo long as either of 
them is in being. „ 


SOLUTION. 


T.,*ROM the Sum of the Values of 
the ſingle Lives, ſubtract the Va- 
lues of the two joint Lives found by 
the preceding Problem, the Remainder 
_ be the Value of the Annuity requi- 
Ted. 1 e 
Tu us if the two Lives ſingly taken 
be reſpectiyely worth 8 and 10 Years 
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purchaſe, the two joint Lives by the 
preceding Problem will be worth 5.6; 
Therefore 

From 18 Sum of the Values of the 
ſingle Lives 

ſubtract 5.6 Value of the two joint 
Lives, | ; 


remains 12.4 Value of an Annuity up- 
on the longeſt of them. 


DEMONSTRATION. 


ET x and ) be the reſpective 
Probabilities of the Lives continu- 
ing One Year ; then the Probability of 
their reſpective failing in that Year, are 
1—x, and 1 — y, which multiplied 
together, the Product viz, i x =y+ xy 
exhibits the Probability of their both 
failing in that Year, and this ſubtrac- 
ted from Unity, the Remainder, viz. 
* ＋ = x), expreſſes the Probability 
of one of them at leaſt ſurviving the 
Year, and for the ſame Reaſon, the 
Terms xx - x x)) expreſs the 
Probability of One of them at leaſt 
ſurviving Two Vears, and ſo on: 


From 


From whence ariſe the following Get. 
metric Progreſſions, expreſſing the Value 
of an Annuity. upon the longeſt of the 
two Lives, viz. 

to + Toto + e 


3 7 
+ +4 ++ +5. 


74 


X39. &@x | * 7 L x59 
D. — = — 1 E &c, 


of which the firſt is the Value of the 
firſt Life ſingly taken; the ſecond is 
the Value of the ſecond Life ſingly ta- 
ken; and the third is the Value of an 
Annuit) upon the two joint Lives, and 
therefore the Value of an Annuity upon 


the longeſt of two Lives, is the Sum of 


the Values of the two Lives leſſened 
by the Values of the two Joint Lives, 


PROBLEM VL 


HE Values of three ſingle Lives 
being given to find the Value of 


an Annuity granted for the Time of their 
Joint Continuance, 


SOLU- 


g * fe * 2 4 2 . _ # a2 F 5 1 * 
x wens * 4 9 W * Funn _ "Tz 
; © I 4 £ If : Ke * . * , 
$ \ : _ © 
” a „ E . 
* . > 
: g | | | NN U 111 E 8 
- * 
1 
f & 1 
3 " 5 N 9 - 5 * . * 
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SOLUTION. 


E T the ſingle Values be reſpec- 
tively M. P, Az; r the Rate of 
Intereſt; then the Value of an Annu» 
ity upon the three joint Lives will be 
ar 7 
HFT XP 1 * 2 +1—MPgrr 
which may be expreſſed as follows. 

1* MULTIPLY the Values of all 
the ſingle Lives together, and the Pro- 
duct again by the Square of the Rate of 
Intereſt, and let the Product be made 
the Numerator of a Fraction. 

2* ADD Unity to each of the ſin- 
ple Lives, and let all the Values thus 
increaſed by Unity be multiplied to- 
gether ; and from the Product ſubtrac- 
ting the Numerator before found, let 
the Remainder be made the Denominator 
of the ſame Fraction. 

3* DiVIiDE the Numerator by the 
Denominator, and the Quotient will be 
the Value of an Annuity upon the three 
joint Lives. 
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Tus it will be found, that if the 
three Lives ſingly taken, be reſpectiveh 
worth 8, 10 and 12 Years Purchaſe, 
the Value of an Annuity upon the three 
joint Lives will be 4.630 as will appear 
by the following Operation: | 
8 Value of the firſt Life 
10 Value of the ſecond: 
12 Value of the third. 


960 Product of the three 
Values, which multiplied 3 

by 1.1025 Square of the Rat 
of Intereſt. | | 
New Product 1058.4 Numerator of the 
Fraction. 


9 Value of the firſt Liſ 


increaſed by 1. 

11 Value of the ſecond in- 
creaſed by 1. rn 

13 Value of the third in- 
creaſed by 1. 


Product 128 7 from which ſubtrac- 
ww | 
1058.4 Numerator before 
found. 
remains 228.6, Demominator- 


Frac- 


— — 


0 


— vv et Þ 


. ooo ooo To wu - 


„ | Tod, 
Fraction s- 


228.6) 1058.4 (4.630 Value of the 
three joint Lives. | 


DEMONSTRATION. 


YT ET x, „ L repreſent the reſpec- 
1 tive Probabilities of the Lives eon- 
tinuing one Year z then the Product 
xyz will expreſs the Probability of 
their joint Continuance for one Year ; 
and x xy) X the Probability of their 
joint Continuance for two Years ; and 
** I, the Probability of theit joint 
Continuance for three Vears, and ſo on. 
Wherefore the Value of an Annuity gran- 
ted for the whole Time of their joint 
Continuance will be expreſſible by the 
following Geometric Progreſſion, viz. 


x 24> > x3 y3 2? ] 4% 4424 
rr 5 oa 
the Sum of whoſe Terms is 2 


r— 2525 


| but by the Firſt Corollary of the Third 
Mr P r 

Problem x = IFD Y r, 2= 

= Wherefore the Value of the 


3 . 4 
three joint Liyes is | 
G M Par: 


for Lien, 4 


N 0 wa. bs & * * N 
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ö 
MTI XPTIXQN＋TI — MP r- 
as had been determined. 


PROBLEM VII. 
H E Values of three ſingle Lives 
being given to find the Valu 
an Annuity upon the longeſt of them. 
SOLUTION. 


F R OM the Sum of the Values of 


the ſingle Lives, ſubtract the Sum 


of the Values of all the joint Lives com- 


bined Two and Two; to the Remuin- 
der add the Value of the three juin 
Lives, the Sum will be the Value of an 
Annuity upon the longeſt of them. 
THUS, if the three Lives ſingly ta- 
ken be reſpectively worth 8, 10 and 
12 Years Purchaſe, it will be found that 
the Value of an Annuity upon the lon- 
geſt of them will be worth 15.396 
Years Purchaſe, as will appear by the 
following Operation. CREE 


8 Va- 


g Value of the firſt Life. 
10 Value of the ſecond. 
12 Value of the third. 
30 Sum of all the ſingle 
Values . 
x 5.6 Value of the firſt and 
ſecond jointly taken, as may be de- 


duced from the Fourth Problem. 
6.222 Value of the firſt 


and third. 
and third. 


7.412. Value of the ſecond 


19-274 Sum of all the Va- 
lues combined Two and Two; which: 


ws ſubtracted from 30 Sum of all 
the ſingle Values. 

remains 10.766 to which adding 

| 4.630 Value of the three 

joint Lives. 

Sum 15.396 Value of the An- 
zKty upon the longeſt Life. 


G 2 


— 
"— pa 
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' DEMONSTRATION. 


E T x, y, 3, repreſent the reſpec. 
tive Probabilities of the Livgg con- 
tinuing one Year ; then the Probabili. 
ties of their reſpective failing in that 
Year are 1 — x, 1—=y, 1—x1 Which 
being multiplied - together the Prod, 
Viz i % KTI T xt7y: 
X) will expreſs the Probability of 
their all failing in that Year, and this 
ſubtracted from Unity, the Remainder, viz. 
x +) + 3 —x) =- - A wil 
expreſs the Probability of their not all 
failing in that Year, ; otherwiſe, the 
Probability of one of the Lives at leaſt 
ſurviving the Year, from whence, by 
following the Step of the Fifth Problem, 
may be deduced the Rule delivered in 
this Problem. . 


COROLLARY I. 


ND by the ſame way of arguing, 
will be eaſily found the Value of 
an Annuity upon as many Lives as ma) 


be aſſigned; for if from the Sum of 
the Values of all the Lives be ſubtrac- 


ted the Sum of the Values of all the 


joint Lives combined Two and Two, 
and to the Remainder be added the Sum 
of the Values of all the joint Lives com- 
bined Three and Three ; and from this 
laſt Sum be ſubtracted the Sum of the 
Values of all the joint Lives combined 
Four and Four, and ſo on, (adding and 
ſubtracting alternately) the laſt Reſult 
will exhibit the Value of an Annuity up- 
on the laſt of the given Lives. 

AND as the Method taken in the 
Solution of the Fourth and Sixth Pro- 
blems, for finding the Values of Two 
and Three joint Lives may, by bare In- 
ſpection, be carried on for 3 the 
Values of as many joint Lives as may 
be aſſigned, ſo it appears that there 
remains no Difficulty in the Solution of 
"= Caſe propoſed in the preſent Corol- 
ary. 1 8 


co- 


for Lies, % 45 


m GCE rads 
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COROLLARY Il 


F all the Lives be equal, the Opera. 
tions neceſſary to the Solution of the 
Problem will conſiderably be ſhortened, 
for let M, M., N, 17“ be the te 
ſpective Values of one fingle Life, two, 
three, and Four joint Lipes; then the 
Value of an Annuity upon the longeſt of 
the four Lives will be - 
4M — 6M + 4M" — , in which 
the Numerical Quantities are the Coef- 
ficients of a Binomial, whoſe Index is 
equal tothe Number of the Lives given, 


REMAR K. 


O- the End that the Readers may 
be freed from any Scruple they 
may entertain, that the converting re- 
al Lives into fictitious ones, and then 
combining them together, from thence 
to deduce the Values of Annuities upon 
the real Lives, 14 perhaps not be al- 
together to be truſted to; I ſhall here 
annex a Calculation of an Annuity up- 

: Oh ON 
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on two Lives whoſe Decrements are in 
Arithmetic Progreſſion ; which conſequent- 
ly very nearly agree with the Values as 
1 from the Tables; and then com- 
pare the Reſult with the Value of an 
Annuity upon the two Lives conſidered 
as fictitious. 

LET the Difference between the firſt 
Age and 86 be ſuppoſed = x, and the 
Difference between the ſecond and 86 
p; let the Value of an Annuity cer- 
tain for the Number of Years n be ſup- 
poſed N, and the Value of an Annu- 
ity certain for the Number of Years 5 
P); then the Value of an Annuity up- 
on the two Lives will be 


1—-—N+-P & 2r p— Pre —Pr. 


7 — 1 1 — 1 2 


S UPPO SING now n 50, p= 
40, and 7 =1,05, the Value of an 
Annuity upon the two Lives will be found 
to be 14.53, as may eaſily be deriv- 
ed from the foregoing Cannon. 

AGAIN, if n be = 50, and p = 
40, then by the firſt Problem the Va- 
lue of an Annuity upon the firſt Life 


wall 
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will be 12.332, and the Value of n 
Annuity upon the ſecond will be 16.191, Ml 
let theſe two Lives be conſidered as fie 
titious, then by the Fifth Problem the 
Value of an Annuity upon both will be 
found to be 14.55 ; which differs from 
the preceding Value only by o. o:. 

I F any Perſon has the Curioſity of 
calculating the Value of an Annuity u 
on two or three Lives, as it may 
deduced from the Tables, the eaſieſt way 
of doing it will be firſt to calculate the 
Values of the ſingle and of the joint 
Lives, and then to combine them in 
the ſame manner as has been done fot 
the fictitious Lives; we have ſhewn al- · 
ready how to compute the Values of 
the ſingle Lives, as deduced from the 
Tables ; now in order to eſtimate in the 
fame manner the Values of the join 
Lives, nothing more is requiſite than 
to follow the Steps of the Method em- 
ployed in eſtimating the Values of the 
joint Lives conſidered as fictitious z with 
this Difference, thar inftead of the 
Quantity x, there ought to be written 


a Fraction, whoſe Numerator be the _— 


hy 
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| ber in the Tables, anſwering to the next 
; W Year above the Age given, and the 
- WW Denminator the Number anſwering to 

the Age given ; and inſtead of x x ought 

to be written a Fraction, whoſe Nu- 
| WH ynerator be the Number in the Tables, 
| anſwering to the ſecond Year above 

| the Age given, and the Denominater ſtill 
the Number anſwering to the Age gi- 
ven, and ſo on; the like being alſo 
to be done for & and y, then inſtead 
of the Terms of Geometric Progreſſion, 


there will be a finite Number of Terms 
to be ſummed up by vulgar Addition. 
Of REVERSIONS. 
PROBLEM VII. 
'F' 0 find the Value of the Reverſuon 
of one Life after another. 
SOLUTION. 
ROM the Value of the two 
Lives, ſubtract the Value of that 
Lfe which is in Poſſeſſion, there will 
H remain 
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remain the Value of the Life in Rever. 
fion ; thus if the Value of the Life in 
Poſſeſſion be worth Ten Years Pur. 
chaſe, and the Value of the other Lit 
be worth 8 Years Purchaſe, then by 


Problem V. the Value of the two Livg, 
(by which is meant the Value of an 


Annuity upon the longeſt of the two 


Lives) will be 12.4, from which ſub- 
tracting the Value of the Life in Pof: 


ſeſſion, viz, 10, there will remain 24 


for the Value of the Reverſion, but 
if the ſecond Life be in Poſſeſſion, then 
the Reverſion will be worth 4.4. 


PROBLEM VII. 
F 0 find the Value of the Reverſm 


of one Life after two, 


SOLUTION. 


ROM the Value of the three 
Lives, ſubtra& the Value of the 
two Lives in Poſſeſſion, there will re- 
main the Value of the Life in Re- 


verſion 


—— ——o_L. r rng n 1 


Pr LIFE. SI 
verſion ; thus if the three Lives be worth 
12, 10 and 8 Years Purchaſe, and the 
firſt Life be in Reverſion, then from 
the Value of the three Lives, viz. 15. 
196 ſubtracting the Value of the two 
Lives in Poſſeſſion, viz, 12.4 the Re- 
mainder, Viz, 2.996 will be the Value 
of the firſt Life in Reverſion ; but if 
the ſecond Life be in Reverſion, it will 
be found to be 1.618, and if the third 


be in Reverſion, it will be but 0.808. 
PROBLEM IX. 
f 10 find the Value of the Reverſun 


of two Lives after one. 


SOLUTION. 


R OM the Value of the three Lives, 
ſubtract the Value of the Live 
in Poſſeſſion, there will remain the 
Value of the two Lives in Reverſion; 
thus if the three Lives be reſpectively 
12,10 and 8 Years Purchaſe, the Value 
of the three Lives will be 15.396 from 


which 


7 V 1 2 at, 
: "455 Mk 
* 
LY 
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which ſubtracting ſeverally the "three 
Lives 12, 10 and 8, the three Remain. 
ders, Viz, 3-396, 5-396, 7.396 will ex. 

preſs the reſpective Values of the ſe- 
* cond and third after the firſt, of the 
firſt and third after the ſecond, and of 
the firſt and ſecond after the third. . 


PROBLEM X 
T 0 find the Value of the Reverſun 


of one Life, after two joint Lives, 


SOLUTION. 


ROM the Value of Life in Ex- 
pectation, ſubtract the Value of 
the two joint Lives in Poſſeſſion, there 
remains the Value of the Reverſion. 


PROBLEM XI. 


l 0 ind the Value of the Reverſun 
1 /o joint Lives after one. 


sOLu- 


9 
"> * 
<4 
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SOLUTION. 


ROM the Value of the two joint 

Lives in Expectation, ſubtract the 
Value of the three joint Lives, there 
remains the Value required. 

TH us, ſuppoſe three Perſons, A, 
B, C; that C is in Poſſeſſion, and that 
A expects the Reverſion of an Annuity, 
after the Life of C, to be by him en- 
joyed no longer than whilſt he and B 
continue in being ; then the Value of 
ſuch Reverſion to A, will be the Value 
of the joint Lives of himſelf and B, 
leſſened by the Value of the three 
joint Lives, and that Reverſion to B, 


would be of the ſame Value as it is 
to A, 


PROBLEM XII. 


to buy an Annuity to be by them 


equally divided, whilſt they live together, then 


to be divided equally between the two next 
| Suryivours, 


F A,B, C agree amongſt themſelves 
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Survivours, then to belong intirely to the laft 
Survivour for Life, to find what each of 


them ought to contribute towa rds the Pur- 
chaſe. 


SOLUTION. 
[ ET the whole Annuity be 4 


then, 

1* A expects an Annuit) of Il. up- 
on the three joint Lives of himſelf, B 
and C; the Value of which Expec- 
tation is to be found by Problem V. 

2+ HE expects the Reverſion of 
+l. a Year after the Life of C, ſo lon 
as he and B are in being ; the Value of 
which is to be found by Problem XI. 

3* HE expects the Reverſion of +l. 
a Year after the Life of B, to be by 
him enjoyed ſo long as he and C 
are in being; the Value of which is 
found alſo by Problem XI. 

4* HE expects the Reverſion of 1. 
a Year, to be by him enjoyed for 
his Life, after the Lives of B and C; 
the Value of which Expectation, may 
be determined by Problem VIII. 

| WHERE- 
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WHEREFORE adding all theſe 
Expectations together, the Sum will be 
the Share which A, ought to contri- 
bute towards the Purchaſe. 

AND in the like Manner, may the 
Shares of B and C be determined. 

BUT all the preceding Operations may 
be contracted into a narrower Com- 
paſs, as follows : 

FROM Unity ſubtract + the Sum of 
the Values of the ſingle Lives of B 
and C; and to Remainder add + of 
the Value of their joint Lives, the Sum 
multiplied by the Value of the Life of 
A, the Product will be the Share which 
A ought to contribute, 

And the like may be done for B 
and C. 


PROBLEM XIII. 


FB and C, expect the Fever ſion of 

an Annuity after the Life of A, and 

this Annuity is to be by them equally enjoy- 
ed ſo long as they both continue in being, then 
entirely to belong to the laſt Suryivour for 
| Lite; 
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Life; to find what Proportion of the Pur. 
chaſe both B and C oug bt to contribute. 


SOLUTION. 


| E T the whole Annuity be 1. 


1- B expects after the Life of A, 
the Reverſion of an Annuity to be by 
him enjoyed as long as he and C both 
continue in being; the Value of which 
Expectation is to be found by Pr. 
belm Xl. I 5 

22 HE expects after the Lives of 
A and C, the Reverſion of an Amm- 
ity of 11. for his Life, the Value of 
which Expectation is found by Pro- 
blem VIII. 

WHERE FORE adding theſe two 
Expectations together, the Sum will 
be the Share which B ought to contri- 
bute, towards the Purchaſe of the Re- 
verſion. 

AND in the like Manner may the 
Share of B be determined. 


THE 


THE Contractions that may be 


made in theſe Operations are ſo inconſi- 
derable that they are not worth mentio- 


ning. 


— ————_—_ 


OF 
SUCCESSIVE LIVES. 
PROBLEM XIV. 


F A enjoys an Annuity for his Life, 
and at his Deceaſe has the Nominatim 
of a Succeſſor who is likewiſe to enjoy the 
Annuity for his Life ; to find the Value of 
the two Succeſſive Lives. | 


SOLUTION. 


E T the Values of the Lives con- 
ſidered ſeparately be reſpectively 
M and P; r the Rate of Intereſt, and 
a the Intereſt of One Pound; then the 
Value of the two Succeſſive Lives will 


be L=TS@H x TP . which 


ra 
may be thus expreſſed. 5 
MT 67 Mor- 
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MULTIPLY each 1 Lie by 
the Intereſt of One Pound, and ſubtrad 
each Product from Unity ; let the two 
Remainders be multiplied together, and 
the Product ſubtracted from the Rate of 
Intereſt; then the „e, being divi- 
ded by the Rate of Intereſt multiplyed 
by the Intereſt of One Pound, the Su- 
tient will give the Value of the two Su- 


ceſſive Lives. 
PROBLEM XV. 


HREE Lives M, P, Q, being 
given in Succeſſion, to find ther 


Value. 
SOLUTION. 


ET r and a ſtand for the ſame 
Quantities as in the preceding 
Problem; then the Value ſought will 


rr —1—aMxX 1— 1— 4 
be 1 2 aP X 2 


7 


11 4 


which may be thus expreſſed. 
MULTIPL v each given Life by the 


Intereſt of One Pound, and ſubtract the 
| _ 
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ſeveral Products from Unity; let the 
three Remainders be multiplied together, 
and the Product ſubtracted from the 
Fquare of the Rate of Intereſt, then the 
* being divided by the Square 
of the Rate of Intereſt multiplyed by 
the Intereſt of One Pound, the Quotient 
will be the Value ſought. 

AND the ſame Rule may be extend- 
ed to four, five or as many Lives as may 
be aſſigned ; the Diviſor for four Lives 
being to be the Product of the Cube of 
the Rate of Intereſt, by the Intereſt of 
One Pound, and ſo on. 


PROBLEM XVI. 


F there be three equal Lives, and A 
or his Heirs are to have the Sum | paid 
them upon the Vacancy of any of thoſe Lives, 
what is the Expectation of A worth in pre- 
ſent Money. | 


SOLUTION. 


1 E T the Value of one Life in- 
c creaſed by Unity be raiſed to 
ts Cube, I-23 2* Mul- 


60 Of ANNufriEs 


2 MULTIPLY the Value of one 
Life by the Rate of Intereſt, and let the 
Product be raiſed-to its Cube. 
ze ER OM the firſt Cube ſubtraqt 
the ſecond, and keep the Remainder. 
4 MULT1PL y the firſt Cube by 
the Rate of Intereſt, and from the Pro. 
duct ſubtract the ſecond Cube, then 
keep the Remainder. | 
I MUL T1IPLyY the firſt Remain- 
der by the Sum to be paid, and divide 
the Product by the ſecond Remainder 
then the Quotient will expreſs the pre- 
ſent Value of the Expectation requir- 
ed. | 

| THUS ſuppoſe that each Life is 
worth Ten Years Purchaſe, and that 
100 |. is to be paid upon the Vacancy 


of any one of the Lives; to find the 


Value of that Sum in preſent Money. 


11. Value of one Lie 
increaſed by Unity, _ 
Its Cube 1331. 


TE 10. Value of one Life. 
multiply by 1.05 Rate of Intereſt 


ro 


— wed nn wy == FO 


| ** * ** : * 
ho 19 % F 
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product 10.5 1 

irs Cube 1157. 625 which ſubtracted 
from the preceding Cube 

Firſt Remain“ 1 73-375 

Firſt Cube 1331. 

Rate of Int. 1.05 


— — — __— 


product 1397.55 
ſubtract 1157.62 5 ſecond Cube. 


2d Remaind. 2 39-9 25 


iſt Remamd. 173.375 
Multiply by 100. Sum to be paid. 


Produtk 17337. 5 4 


139.925) 17337.500 (74. preſent Va- 
lue of the Expectation. 


DEMONSTRATION. 
L E T x be the Probability that a- 


ny one of the Lives may conti- 
nue one Vear. 


THEN, the Probability that all the 
Lives may continue one Year is x=, 


therefore the Probability that ſome of 
them may fail the firſt Year is 1 — . 


THE 


n 
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T RHE Probability that all the Lier 
may continue one Year, and then that 
ſome of them may fail the next 
Year is * ͤ„ 1 W. | 
TH E Probability that all the Live 
may continue two Years, and then that 
ſome of them may fail on the third 
Year 8 X* 6-108." | 
WHEREFORE the Value of A's 
Expectation is = + 4 EA 5 


x3 


WC. „1 x i the Sum of which 


. F — 2 
18 ——x 1 ; but x = «4? 


therefore the Value of A's Expectation 


— 


PROBLEM XVII. 


F A buys an Annuity upon three equal 

Lives, and he obliges himſelf that m 
Caſe one Life becomes vacant he you renew it 
for the Sum a ; in Caſe two Lives become 
vacant in the ſame Year, he ſhall renew them 
both for the Sum b; and in Caſe they all 
become Vacant in the fame Year, he ſhall 


renew them all three for the Sum c; to - 
How 


emen. 4 
how mnch it is that the whole Purchaſe is eſti- 
nated, „ 


Solution of the firſt Caſe. 


1 ROM the Value of one Life 

increaſed by Unity, ſubtract 
the Product of the Value of one Life | 
- by the Rate of Intereſt. 

2* MULTIPLY the Remainder by 
three times the Square of that Product, 
and let the new Product be made the 
Numerator of a Fraction. | 

3* LET the Value of one Life in- 
creaſed by Unity, be raiſed to its Cube, 
and multiply that Cube by the Intereſt 
of one Pound, then let the Product be 
made the Denominator of that Fraction. 

4* THIS Fraction being multiplyed 
by the Sum agreed to be given for the 
renewing of one Life, the Product will 
be the preſent Value of all the Renew- 
als of one Life, that may be made 
for ever. | 


Solu- 


— — 
— — 
— ——ꝓ IR 
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Solution of the ſecond Caſe. 


S ROM. the Value of one Lie 

increaſed by Unity, ſubtract 
the Product of the Value of one Lie 
by the Rate of Intereſt. 

2* LET the Remainder be raiſed to 
its Square, and let that Square be mul. 
tiplyed by three Times the Product a- 
bove- mentioned, and let the new Pro- 
duct be made the Numerator of a Frac- 
tion. 

3* LET the Value of one Life in- 
creaſed by Unity be raiſed to its Cube, 
and multiply that Cube by the Intereſt 
of one Pound, then let the Product be 
made Denominator of the Faction a- 
bove- mentioned. 58 

4 Tris Faction being multip 1 
ed by the Sum agreed to be given for 
the renewing of two Lives, the Product 
will be the preſent Value of all the Re- 
newals of two Lives that may be made 
in the ſame Year for ever. 


Solu- 


EE for LIE E. 
Solution of the third Cale, 


„ T\ROM. the Value of One Life 
* - Increaſed by Unity, ſubtract - 

the Product of the Value of one Life 
by the Rate of Intereſt. | 
2* LET the Remainder be raiſed to 
its Cube, and let that Cube be made 
Numerator of a Fraction. | 
ze LET the Denominator of that 
Fraction be the ſame as the Denomina- 
tors of the Two preceding Cafes. _ 
4 T HE Fraction being multiply d 
by the Sum agreed to be given for the 
renewing of Three Lives, the Product 
will be the preſent Value of all the Re- 
newals of three Lives that may be made 

in the ſame Year for ever. 
AND the Three ſeveral Suri xeſult- 
ing from the Solution of theſe Three Ca- 
es, being added with the preſent Value 
of the Three Lives, the Sum of the 
whole will be the Value of the whole 
Purchaſe, 1 
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DEMONSTRATION. 
ET x repreſent the Probability 


of each Life's continuing one 


Year, M the Value of one Life and: 


the Rate of Intereſt. - 


THE Probability that Two of the 


Three Lives may continue one Year, 
and the third become vacant, is 


3 Xx XXI -x. 


WHEREFORE the Sum, which 


A may happen to give at the Year's end 
for renewing one Life eſtimated in pre- 
zx XX IA 


ſent Money is a. 


SUPPOSE that Live renewed, then 


the Probability that one of the Three | 
Lives may become vacant the next Year | 


18 again 3 XxX XI - X. 


WHERE TORE the Sum which 4 
may happen to give at the End of 
the ſecond Year, for renewing one 


Life eſtimated in preſent Money, 1s 


IJ XX XI —X 


FT 


IN 


14 
E 21 


* 
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IN the like Manner, the Sum which 


4 may happen to give at the End of 
the third Year eſtimated in preſent Mo- 


I XX Kͤ„ 122 , 
ney, IS 43 ; . | 
FROM whence it follows, that all 
the Sums which 4 my happen to give 
from Time to Time for the renewing 
of one Life eſtimated in preſent Mo- 
ney, are 
11 2MMrrx MFT— My 0 
1921 | M +03 x7 —1T | 
THe probability that one of the 
Three Lives may continue one Year, 
and the other two become vacant, is 


z Xx x1=—al. 


 WHEREFORE the Sum which 4 
may happen to give at the Year's End 
for the renewing of two Lives, eſtimat- 


ed in preſent Money, is worth 2 


7 


AND for the ſame Reaſon, the 
Sum which he may happen to give at 
the end of two Years for the renewing 
of Two Lives, eſtimated in preſent Mo- 


ney, is ., and fo on. 
77 


1 FROM 


I” —_ 


* * 1 K E 
% * N 


"S 


FROM whence it follows, that all 
the Sums which A may pa to giye 
from Time to Time, for che renewinp 
of Two Lives, eſtimated in preſent Mo- 


D =; x 
1—4 | | 


THE Probability that the Three 
Lives may be vacant the firſt Year, is 
1 — > th 

FRO M whence it follows that all the 
Sums which 4 may happen to give 
from Time to Time for the renewing 
of Three Lives, eſtimated in preſent Mo- 
1 — N | 
Eg _ e ” 


R E MAR K. 


F one Life be eſtimated at Nine 
Years Purchaſe ; then the Value ot 


twWo equal Lives is 12.3111, and the 


Value of three equal Lives is 14.0281: 
Wherefore what 4 ought in Juſtice to 
give for the renewing of One Life is 
1.7170, what he ought to give for the 
renewing of Two is 5.0281 ; and what 
he ought to give for the renewing 


of Three is 14.028 1 if he loſes r. 


all which, viz. 5.9724 
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lat Years Rent; or 15,0281 if he 
receives it. Let us therefore ſuppoſe 
that in the foregoing Problem, a — 
1.7170, b = 5.0281, c 15.0281; 
then what 4 ought in Juſtice to give 
in preſent Money for the renewing of 
One Life for ever, is 5.0600 ; what 
he ought to give for the renewing of 
Two for ever, is 0.8624 ; and what 
he ought to give for the renewing of 
Three for ever is, '0.0500, the Sum of 
being added 

to 14.0281 Value of the three Lives, 
the Sum is 20, which makes up the 
whole Purchaſe of an Annuity bought for 
ever, Intereſt being ſuppoſed at 5 per Cent. 
SUPPOSING now that one Life 
being eſtimated at Nine Years Purchaſe 
as before, what is given for the renewing 
One, Two and Three Lives ſhould be 
reſpectively 3, 5 and 15.0281 Years 
Purchaſe, or that inſtead of renewing 
the Three Lives, whenever they happen 
to be vacant in the ſame Year, the 
right of the Annuity ſhould return to the 
firſt Proprietor ; then it will be found 


by the Rules above delivered that the 
9 whole 
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whole Purchaſe is eſtimated at 2 4.1197 
Years Purchaſe. ö 


PROBLEM XVIII 
HE ſame Things being given as in 


the preceding Problem, ſuppoſe it 
be agreed that inſtead of renewing ms 


for the Sum a, whenever it happens to be va- 
cant, the Purchaſer ſhall conſtantly pay that 
ſame Sum a at a Certainty, at equal Inter- 


vals of Time ; to find at what Intervals it 
ought to be paid. 


SOLUTION. 


10 ROM the Value of One Life 
h increaſed by Unity, ſubtract 
the Product of the Value of one Life 
multiplyed by the Rate of Intereſt. 

2* MULTIPLY the Remainder by 


three Times the Square of that Product, 


and let the new Product be made the 
Numerator of a Fraction. it 

ze LET the Value of One Life in- 
creaſed by Unity be raiſed to its Cube, 
and let that Cube be made the Denomi- 


nator of the Fraction. 4 To 


For LIix. J 
4 To the Quotient of the Nume- 
rator divided by the Denominator, add 


the Intereſt of One Pound, then find 


the Logarithm of that Sum. ; 

5* FROM that Logarithm ſubtract 
the Logarithm of the Fraction before- 
mentioned, and let the Remainder be 
divided by the Logarithm of the Rate 
of 3 ; the Quotient will be the 
Number of Years fought. 


DEMONSTRATION. 


IHE firſt Renewal of One Life 
may happen to be at the End 


of the firſt Year, whereof the Proba- 
bility is 3 xx x 1—x ; let that Quan. 
tity for Brevity's Sake be called S ; 
therefore the preſent Value of the Re- 
newal of one Life ariſing from the Ex- 
pectation of its happening in the firſt 


5 
Vear, IS Ip. ds 


THE Probability of the firſt Re- 
newal's being in the ſecond Year, is 


—ů— 


S x1—$; Wherefore the preſent Va- 
lue of the firſt Renewal ariſing from 
the 
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the Expectation of its happening in the 
ſecond Vear is 8 —.— 24 5 

AND for the ſame Reaſon, the pre- 
ſene Value of the firſt Renewal arifing 
from the Expectation of its Happening 


in the third. Year is = 4 and 


75 

o on. | IT =o 

FROM whence it follows, that the 

preſent Value of the firſt Renewal ari- 

ling from the Expectation of its happen- 
ing at any Time is expreſſible by the 

following Geometric Progreſſion, viz, 


Sd ns S1 — 
5 et 3 3 
3 
+ ——— , &. whoſe Sum 
is nd lg 

TITS 


LET now, n be the Number of 
Years ſuppoſed to be intercepted be- 
tween the the preſent Time, and the 
Time of the f 


rſt Renewal; then the 


Quantity 


the 


e 
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Quantity — TN 4 before found 


being put our at Intereſt for that Num- 
ber of Years n, ought to produce the 


Sum 4 z then according to the Rules of 
Compound Intereſt, 4 T = 


or — — 5 1. Wherefore n 


— Tz 2 ; then inſtead 
of $, writing its Value 3 xx x 1 — x, and 
Mr 


inſtead of x writing its Value —- ns = 


the Reaſon of the Rule given in Words 
at length, will evidently appear. 


COROLLARY I. 


T HE preſent Value of the firſt 
Renewal of one Life being = 
the preſent Value of the Second wall 
be ; of the Third 7555 Cc. 


7 3 | 
Wherefore the preſent Value of all the 
Renewals for ever is — — —, and in 
the room of , ſubſtituting its * 
_ ne 
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lue N a, the preſent Value of 
all the Renewals of one Life, will be 
S „zZ xx N- 


— 


— 4, which is 
the ſame Concluſion that was drawn in 


the Solution of the preceding Problem by 
2 Method different from this. 


COROLLARY I. 


N the ſame manner may the re- 
newing of Two or Three Lives 

compounded for by equal Payments 

made at equal Intervals of Time. 


COROLLARY III. 


ND theſe Three Setts of Intervals 
may be reduced to One ſingle 


Interval, of which the Duration may 
be derermined. ; 


Of the Expectation of Life and the 
Probability of Survivout ſhip. - 


HE Queſtions that may be form- 


ed about the Expectation of 


Life, and the Probability of n 
ip 
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of dip being independent from the Cone 


be fdcration of the Rate of Intereſt, we 

have thought fit to treat this Subje& by 
ir ſelf, and ſhew how to make a very 
near Eſtimation of both by Dr. HA l- 
LEYs Tables, or any other Tables that 
may happen to be conſtructed from 
Obſervations. 

Bur becauſe, as I have already ob- 
ſerved ſomewhere elſe, the Decrements 
of Life are for any ſmall Interval of Time 
nearly in Arithmetic Progreſſion, it will 
not be N to conſider what would 
be the Conſequence of an Hypotheſis 
that ſhould make the Decrements of 
Life, throughout the whole extent of 
it, to be in Arithmetic Progreſſion, and 
then ſhew how ſuch an Hypotheſis 
ought to be corrected from the Tables 
of Obſervations. 


DEFINITION. 
[ Call that the Complement of Life, 
L which is the Time comprehended 
1 between an Age given, and the Extre- 
" I ity of Old Age. | 
| L 2 Tnus 
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Ps if the Age be 59, and the 
Extremity'of Old Age be 86, the Com 
— of Life is 36. 1701 


HYPOTHESIS 
ABCDEPFG AL” 


I - i. .# £8 $4 A 


[is it be ſuppoſed that the Com- 


plement of Life A S being divi- 
T into an infinite Number of equal 
Parts, repreſenting Moments; the Pro- 
babilities of living from A to B, from 
A to C, from A to D, Cc. are re- 
ſpectively proportional to the ſeveral 
Complements SB, SC, SD; in fo 
much that theſe Probabilities may re- 
ſpectively be repreſented by the Fratti- 
ons, EN 5 I &c. This Hy- 
potheſis being admitted, che following 
Corollaries may be deduced from it. 


. 
H E Probability of Life's fail- 
ing in any Interval of Time 
A F, is meaſured by the Frattion 2 
CO- 
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COROLLARY I. 


H E N the Interval AF is 
once paſt, the Probability of 
Life's continuing from F to G is 


| 12 (for at E, the Complement of 


Life is SF) and the Probability of its 


failing in the Interval FG is EY 


COROLLARY IL 


HE Probability of Life's conti- 
nuing from A to F, and then 

failing from F to G is 81 X TAE 
_. hk SHOES LY 


"US" 


COROLLARY Iv. 
H E Probabilities of Life's fail- 


ing in any Two or more equal 
Intervals of Time aſſigned ee, A 
and S are exactly the fame, the Eſti- 
mation being made at A, conſidered as 
the preſent Time. 


PRO- 
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PROBLEM XIX. 

f | 0 find haw long it may be expected 
| that a Life of a given Age may 

continue in Being. TORE: 


SOLUTION. 


«34 $ 
| — x 
T N the Interval A'S take any Term 
B at Pleaſure, and next to it ano- 
ther Term 5, ſo that the Diſtance B 
may repreſent a Moment of Time; 
let the whole Interval A'S be called n, 
the Interval A B, z, and the Moment 
Bb, o. 2M 
WHEN the Life given has continu- 
ed from A to B, the Thing immedi- 
ately expected is the Moment Bb, but 
the Probability of its cantinuing from 
A to B is by Hypotheſis, and 


the Moment expected is 0. 
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THEREFORE the Value of the 
Expectation of the Moment o is = 1 = 
x ©: Conſider now ——= 


dinate of a Curve raiſed perpetually 
upon the Abuite X; then the Area 


of that Curve, viz: —. will 
expreſs the Right or Expectation of 
the Life given upon the Interval AB: 
Let now n be written inſtead of ⁊, 
and the Value of the Fraction will be- 
come = 

WHEREFORE the Number of 
Years that a Life given may expect to 
continue in Being is equal to the Num- 
ber of Vears contained in half the Com- 
plement of the ſaid Life ; that if the 
Age given be 40, and the Extremity 
of Old Age be ſuppoſed at 86, the 
Complement of the Life is 46 where- 
of the Half 23 is the Number of 
Years it may be expected to continue 
after 40. 

BUT if that Life once reaches 63, 
then it may expect 11 + Years more F 

* an 


as the Or- 
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| and if it reach | 74 I then may ex- 
pect 5 + more, and fo on. 


COROLLARY I. 


© 


—- 


ON 


I UPPOSE the Parallels A C and 
\J BD terminated in C and D to 
repreſent the Number of Perſons of two 
different Ages according to the Table of 
Obſervations, and A B the Number of 
Years between thoſe Ages ; draw the 
5 Line CD till it meet the Line AB 
1 in S, let AS be ſuppoſed = n, AB 
| | = I. AC D a, BD—b: now ſince 
1 the Triangles CAS, DBS are fimi- 
j 0 lar, it follows that 5 
l 


| AC -B D, AB: 
Al | 4 — 55 | 1 


— Py — ———_——_ — — 22 4 
— OP, 
% — — — *. 


— 


* 7 2 PR * — . * . „ 3 2 IJ 
ö 2 — . s x» . . * —— — ITENE — — — — 
— — — — — — — _ 2 — — ——ͤ— — — —— 2 — — Gant a HaÞ — —— - 
— — — — — PRC . 8 
- 4 . — —— — — = — —— > > - 4 O - 5 — . 
9 py 9 — <A — 8 A or — — - r r 0 m—_— "_ a : — A. pet - 4 
— —ñ—ñ RLGGE IE AR OR N EO _—— ,. Hm — — © _ . — — — — 
_ "= - — — 
7 
3 WV * p —— 1 N 
— * — — — 3 = - — = 5 2 
— 5 = x 
———— = — — — . — 
. — 2 
— n ” by 2 5 22 — = * 4 * * r 1 
5 


AC, AS, that is 


THERE- 


CY 


d 
0 
0 
f 
f 


AQ Www cvf 


» 7 


THEREFORE r ES... Bur 


the Expectation of the Life at A upon 
the Interval AB has been found _ 


1 — EAN 
n 


; Wherefore. writing 


72 in the room of n, that Expec- 


tation will be found to be 2 24 + b 4 


COROLLARY I. 


„ 2 
2 
yy — — To | 
ET allo AC, BD, EF; the 
, the Number of Perſons of three 


different Ages as taken from the Tables 


of Obſervations, which Numbers we * 
pole reſpectively denominated by a, b 
c; let AB, BE repreſent Two equal 


Intervals of Time, intercepted between 


thoſe Ages, which Interval we ſuppoſe 
denominated by 2: 


M Tr1s 


" LF "7" 1 0 4 7 W * Ch "= * * 1 2 N * * 
b 6 * 15 4 4 * , wy * 656 — LY a EU 5 4 ** * * 4 A 3" ths ” \ N F 2 1 8 - 9 * * * 
* * N * "*Þ d 2£ * 1 * * 1 ey 4 © 5 
4 — T3 N 9 ; 7 | , 
k ; 4 « v . 4d 4 >» "I 
p n 8 N * : 
* * 4 % . 
2 | . UIT 8 


Tris being "WFP? e 
tion of the Life at A upon t Interval 
AB 11 2 , by the preceding 
Corollary ; the Expectation of the ſame 
Life upon the next Interval BE, will 

be E: b — 0 


tremity of the Interval AB is attained 3 
but the Probability of attaining it, is 


Z, when once the Ex- 


meaſured by the Fraction =; + Where- 


fore the Expectation of the Life at A 
upon the Interval B E is. 


i Tet, and 


— — ep 


a 
therefore the Expectation of the Life 
at A upon the whole Interval AE 


FS4+b+=5c 
4 the 
COROLLARY III. 
ND therefore if the Comple- 
ment of Life be divided into 


equal Intervals, and we take out of the 
Table of Obſervations the Numbers ter- 
minating thoſe Incervals, and from the 

Sum 


Ls —— 


r — 


PO _ 
8 4: 20 


per LIE. 83 
Sum df all thoſe Numbers, we ſubtract 
one Half of the Fi 5 and chen multi- 
ply the Remainder by One of the equal 
Parts, and laſtly divide the Product by 
the Number anſwering to the Beginnin 
of the Firſt Interval; the Quotient wil 
expreſs the Number of Years which 
compoſe the Expectation of the Life 
given. 1 

THUS if we conſider a Life of 50, 
and divide its Complement, or Diffe- 
rence between 50 and 86, into ſeve- 
ral equal Intervals of Six Vears each; 
then the Numbers terminating thoſe In- 
tervals will be 


Years. Perſons. 
5o 346 
56 282 
62 222 
68 162 
74 98 
80 41 
WET} 2 14S 
Oe 1151 Sutn 


From which ſubtract 173 one Half 
pf che firſt. F 


———— 


M 2 Re- 
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VMultiply by 6 One of the 
equal Patts 90s 


"2 


which Product being divided by 346 
Number anſwering to the Beginning 
of the firſt Inge, then the Quotient 
16.95 or 17 nearly will exprels the 
Number of Years which a Life of 50 


may reaſonably expect. 
COROLLARY Iv. 


Ur if the Age be ſuch, that 
having divided the Complement 
of Life belonging to it, into any Num- 
ber of Parts taken at Pleaſure, - as ma- 
ny of them as poſſible containing the 
ſame Number of Years, ſuch as 6, it 
ſhould happen that the laſt of the equal 
Diviſions could not be terminated by 
86, as will happen for a Life of 40. 

THEN having added together all 
the Numbers terminating the equal In- 
tervals ; from the Sum of the whole, 
ſubtra& the half Sum of the great! 

an 


6 
5 
tf 
e 
? 


* * N W , * W * 6 K , 6 , a g 
* * - * 5 
* ' 4 5 4 * * hy F « 
N * \ 

x, * A 

* K "TI. * 4 = -. + 23 why : * a : 

| * \ 
| ou * LH — - q * * - 4 


and leaſt of them, then multiply the 
Product by one of the equal Parts, and 
to the Product add another Product made 
of one Half the Number terminating 
the laſt of the equal Intervals, by the 
laſt odd Interval; then the Sum being 
divided by the Number anſwering to 


the Beginning of the firſt Interval, the 


Quotient will expreſs the Number of 
Vears which the Life given may expect. 
THUS ſuppoſing a Life of 40, the 


Operation will be as follows, 


Years. Perſons. 
40 455 
46 387 
52 324 
58 262 
64 292 
70 142 
76 78 
82 28 

= o 
|, 1868 Sum 


ſubtract 236 half Sum 
of 445 and 28. 
CN: Re- 
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which multiplied by 6 one of e. 
qual Parts, Ce + 

| Product 9792 d 10 

to which add — Prociuct of 

che Number 28 by the laſt Interval 4, 

Sn 3 Sum 9848 . 


Divide this Sum by 445 Number an- 
ſwering to 40 beginning of the firſt 
Interval; the Quotient, vix. 22.13 will 


expreſs the Number of Years due to 
a Life of 40. 


PROBLEM XX. 


| WO Lives being given, whether equal 
or unequal ; To find how many Nears 
they may be expefted to continue together. 


'SOLU- 


2A 


WO — 2 * 


Fer Lien. © $7 


SOLUTION. 


A — 5 
1 1 — — 1 
C c £ 
FE, FE RM l 3 


Lives, AS, E S be reſpectively 
ppoſed equal to n and p; take up- 
on AS Bu. ES Two equal Intervals 
AB, EC. 
T HE Probability of the firſt Life 


* 1 
continuing from A to B i; 


the Probability of the ſecond Liſes 
continuing from E to C, is 2 ; 
wherefore the Probability of their both 
continuing during the Interval AB or 
E C is meaſured by the Product of 
thoſe Two Fractions, viz. 

PECPE ECL. .* Tar his ti 
duct be Abel as the Ordinate of 
a Curve whole Abcine is 2, then the 
Area of that Curve, hig. 


I. ET the Complements, of the 
u 


np 


Of AxNurrizs 


3 


n MALE LEXTA will 


| "+ | 
expreſs the Right or Expectation of the 
Two Lives together upon the Interval 
AB or EC; Let now 2 be inter- 
preted by p, denoting the ſhorteſt of 
the Two Complements AS, ES, and 
then the Expectation of both Lives 
together upon the ſhorteſt Interval 
AS will be meaſured by the Frac- 


1 7 Aa U 
N * 8 ; 
=> pp, which may be ex- 


preſs'd as follows. 
TAE E the Square of the ſhorteſt 
Complement, and divide it by the 
reateſt, the ſixth Part of the Quotient 
— ſubtracted from one Half of the 
ſhorteſt Complement, the Remainder will 
expreſs the Number of Years ſought. 
T uus ſuppoſing a Life of 40, and 
another of 50, the ſhorteſt Comple- 
ment will be 36; the greateſt, 46; 
the Square of the ſhorteſt Complement 
will be 1296 ; which being divided 
by the greateſt 46, the Quotient will be 
28.175 


: for LIE E. i 89 


8, pig wheteof the 6th part Viz: 


ig ſubtracted from half — 
ost, 'Viz. 18, the Remainder 13.31 
will —_ 80 Number of Years due 
to the two joe Lives. | 


COROLL ARY. 


[ F the two Lives be equal, the Nurd- 
ber of Years due to their joint 
Continuance, is expreſſible by the Third 
Part of their common Complement. 
Tus ſuppoſing each Life to be 50, 
the Number of Years due to the two 
joint Lives is 12. | 


PROBLEM XXI. 


A NY Number of Lives being given 
whether equal or unequal, to find 
how many Tears they may be expected to con- 
tinge together. 


Bere 


AKE = the ſhorteſt Com- 
— 
N 2 TAKE 
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2* TAKE + Part of the Square of 
the ſhorteſt, which divide ſucceſſively 
by all the other Complements ; then 
add all the Quotients together. _ 

3 TAKE — Part of the Cube of 
the ſhorteſt Complement, which divide 
ſucceſſively by the Products of all the 
other Complements taken Two and 
Two. 23 5 
4 Take Part of the Biqua- 
drate of the ſhorteſt Complement, 
which divide ſucceſſively by the Pro- 
ducts of all the other Complements ta- 
ken Three and Three, and ſo on. 

5 THEN from the Reſult of the 
firſt Operation, ſubtract the Reſult of the 
ſecond, to the Remainder add the Re- 
ſult of the Third ; from the Sum ſub- 
tract the Reſult of the fourth, and ſo 
on. 

6* THE laſt Quantity remaining 
after theſe alternate Subtractions and 
Additions will be the Thing required. 

N. ZB. THE Diviſors 2, 6, 12, 20, 
Cc. are the Products of 1 by 2 ; of 
2 by 3; of 3 by 43 of 4by 5, Or. 


COROL- 


I 


- COROLLARY, 


F all the Lives be equal, add Uni- 

ty to the Number of Lives, and di- 
vide their common Complement by 
that Number thus increaſed by Unity, 
and the Quotient will always expreſs 
the Time due to their joint Continu- 
ance, 


PROBLEM XXII. 


WO Lives being given, to find the 
Number of Years due to the longeſt. 


SOLUTION. 
F RO M the Sum of the Years due 


to each Life, ſubtract the Number 

of Vears due to their joint Continuance, 

the Remainder will be the Number of 
Vears due to the longeſt. 

Tus ſuppoſing a Life of 40, and 

another of 50; the Number of Years 

due to the Life of 40, is 23; the Num- 


ber of Years due to the Life of 50, is 


18; from the Sum of 23 and 18, viz, 
N 2 41, 
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41, ſubtract 13.31 due to their joint 
Continuance; the Remaiuder 27. 69 will 
be the Time due ta the longeſt. 


 COROLLARY.. 


Dur if che Lues be equal, then 

i of their common Camplement 
will be the Number of Years due to 
the longeſt. „„ 
Ius ſuppoſing Two Lives of 5o, 
it may be expected that the longeſt of 
the Two will continue 24 Vears. 


PROBLEM XXIII. 


HRE E Lives being given, to find 
| the Number of Tears due to the 
2p A 


F."ROM the Sum of the Years due 
to the ſingle Lives ſubtract the 
Sum of the Years due to all the joint 
Kives combined Two, and Two; then 
to the Remainder add the Number of 
Years due to the three joint Lives ; - 


1 


N . 993 

this laſt Ps will be the Number of 
Years due to tlie longeſt of tlie Three 
Lives. 


\ 


COROLLARY. 


DU if all the Liver be equal, then 

D + of their common” Complement 
will be the er of Years due to 
the longeſt. 5 - 

"Nao Unie a Ga an 
Number of equal — Ale fac Par: 
of their eee Opiate as may 
be expreſt by a Fraftion whoſe Nume- 
rator be equal to the Number of Lives, 
and Denominator, the ſame Number in- 
creaſed by Unity, and that Part thus 
taken will anſwer the Number of Vears 
due to the longeſt. 


PROBL E M XXIV. 


A WO Lives being given, to find the 
Probability of ons f ew "oo up- 
| R ef N _ 


{3 


; 


f 


4 1 


1 89 #7; 
: — 4 6 * 
7 
AR 0 
11 - . 
; - 


wo 22. FRY a. AS 40H 


— 


0 A 


10 TY. a7. SC Uli. 7 £435 2. Pol ant 
50 U u 10 N. „4182 1 
WS 
A 'Bb S 
Se 7 SSIS DE £6 : 
E Cc id 
thi Trop <0 17: 5g Ne 3 EF 


ET. the Com plements of che Two 
Lives,” be 'reliiectively AS; and 


+ upon which take Two — Inter- 
vals A B, E C — 25 as allo To Mo- 


ments Bb, Cc=0: 


Cn 


- THE Probability of the firſt Life q 


continuing from A to B or beyond 55 
is meaſured by the Faction 2 = . 


che Probability of the Second's Ws 
nuing from E to C and then failing in 
the Interval Cc, is meaſured by the 


Product of the Two Fraftions — 7 S 


wy - <= —, that is by - j there- 
fore the Probability of the firſt Life's 


continuing during the Time AB or 


beyond it, and of the Second's failing 
juſt at che End of that Time, is 


— 74 
r 7 : Let the Quantity 222 — TY 
| 


0 . 1 
- 7% WI ' F E 1 \ 


be conſidered: as the Ordinate of 2 


Curye whoſe Abciſſe is &; then the A- 
NE 9+ + __ 11411 2 1 
rea of It, Viz. 2 2 5 N will ex- 


preſs the Probability of the firſt Life's 


continuing during any Interval of Time 


2 or beyond it, and of the ſecond's 

failing any Time before or preciſely at 

the attaining the End of that Interval. 

Let now p be written inſtead of x, and 

then the Probability of the firſt Life's 

ſurviving, the ſecond will be 
775 5 


FROM the foregoing Concluſion we 
may immediately infer that the Proba- 


bility of the ſecond Life's ſurviving the 
firſt will be E which may alſo be 


proved thus. 


TH E Probability of the ſecond Life's 


continuing during any Interval of Time 
Tor beyond it, and of the firſt's failing 


any Time before or at the attaining chat 


VB 1 
Interval is ; let now 7 
2A 6 2 


be written inſtead of z, then the 


Pro- 
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Probability of the ſecond Life's 5 avis 
ing the firſt will be — I 


1 25 
— as before.” nde OS 1 


| FROM whence the following Rule 
may be derived. 

FRO x the $420 Complement ſih- 
tract Half of | then the Pro- 
poſition of the Remainder to Half che 
leaſt Complement, wil expreſs the Pro- 
poſition of the Chances which the youti- 

geſt Life has to ſurvive the oldeſt, and 
* the oldeſt has to ſurvive the 
youngeſt. | 

Tus eppofiti Two Lives: vix. 
of 50 and 62 the Chances of Survi- 
vourſhip are roſpectively as 24 to 12, 
or as 2 to 1. 

To adapt this Rule to che Table of 
mo we may proceed as follows. 

* Divips che Complement of 
the oldeſt Life into any Number of 
Intervals, wherher equal or unequal. 

:* DIVIpE alſo the Complement 

of the youngelt Life into the like Num- 


ber of Intervals each reſpectively equal 


tO 
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to the. Intervals belonging to the oldeſt 


Life, neglecting the Qverplus. 


3% TAKE out of the Tables the 
Numbers terminating the Intervals gi- 
yen, and that for both the given Lives. 

4* MULTIPLY the Sum of the Two 
Numbers terminating the firſt Interval 
belonging to the oldeſt. Life by the Dif- 
ference of the Two Numbers termina- 
ring the firſt Interval belonging to the 
youngeſt Life. ., 

5* MULTIPLY the Sum of the 
Two Numbers terminating the ſecond 
Interval belonging to the. oldeſt Life, 
by the Difference of the Two Numbers 
terminating the ſecond Interval belong- 
ing to the youngeſt Life, and ſo on. 

6* TE Sum of the foregoing Pro- 
duct being divided by twice the Product 
of the Iwo Numbers terminating the 
Beginning of the Two Sets of Intervals, 
the Quotient will expreſs the Probabili 


of the oldeſt Life ſurviving the younge | 


AND therefore this Quotient being ſub- 


tracted from Unity, the Remainder will 


expreſs the Probability of the youngeſt 
Life ſurviving the oldeſt, Jas 
CCC 
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Tavs ſuppoſe a Life of 675 and one 
of 50, let the Difference between 62 
ae; 86 be divided, into ſeveral parts at 
Pleaſure ; ler, for Inſtance, the four 
firſt contain each an Interval of 5 Years, 
and the laſt an Interval of 4. 
Tak out of the Tables the Num- 
bers anſwering to 
"02, 0, 74; , $526 
Piz. 222, 172, 126, 68, 18, o. 
TA RE alſo out of che Tables che 
Numbers anſwering to | 
» 55, 60, 65, 70, 74 
Viz. 346, 292, 242, 192, 142, 98. 
THE Sum of the Numbers termi- 
nating the firſt Interval belonging to the 
oldeſt Life is 394 
HE .. of the Numbers 
terminating the firſt Interval belonging 
to the youngeſt Life is 54. 
W HER EFORE Multiplying 394 by 
54, the Product will be 2 1276. 
THEN taking in the like Manner 
the other ſucceſſive Products, we ſhall 
have 14600, 9400, 4800, 1232, which 
Produfts being added with the firſt be- 


fore found, viz, 21276, the Sum -o 
a 


all will be 51308, and this being di- 
vided by 152514 which is twice the 
Product of 222 and 346, Numbers ter- 


minating the Beginning of each Set of 


Intervals, the Fraction reſulting from 
that Diviſion, viz. 232 will expreſs 
the Probability of the oldeſt Life ſur- 
viving the youngeſt ; and this ſubtrac- 
ted from Unity, the Remainder, viz. 
12:22. will expreſs the Probability of 
the youngeſt Life ſurviving the oldeſt ; 
and 2 the Odds of the youn- 
geſt Life 

101206 to 51308, that is very near 
in the Proportion of 2 to 1, as it had 
been found from the Hypotheſis of an 


equable Decrement of Life. _ 
PROBLEM XXV. 


HRE E Lives being given, to fin 
the Probability of One of them fixed 
upon, ſurviving the other Two. 


O 2 SOLU- 


urviving the oldeſt, are as 
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ET the Complements of the A. 


ges, Vit. A8, ES, HS be reſpec- 
tively called u, . 4. 5 BR 
1 LET us find the Probability of 
the firſt Life's ſurvivitig the other Two; 
in order to which, let A G be taken 
equal to ES, and both AF and EK 
equal to HS; let there alſo be taken 
three equal Diſtances AB, EC, HD 
at the End of which the firſt Life may 
be look d upon as having furvived the 
other Two, that is, the ſecond Life 
any Time before it reached the Point 
C, and the third Life juſt at its reaching 
the correſponding Point D, or imme- 
diately after; then there are three Cir- 
cumſtances to be expreſſed, vig. that of 
the firft Life's reaching the Point B, 
that of the ſecond's failing any Time 
before 


7 


% ⁰ wy _v r r 


per Lie, 101 
before it comes to the Points C, and 
that of the chird's failing juſt at its 
teaching the Point D, or immediately 
after; all which Circamſtances may 


be repreſented by the Product — 


x = x =, let therefore 


r — 
be conſidered as the Ordinate a 
Curve whoſe Abſciſſe is 2, then the 
Area of it, viz, = ESSE will 
expreſs the Probability 1 all thoſe Cir- 
cumſtances having happened in ſome 
Moment of Time or other comprehen- 
ded within any indeterminate Space 
ſuppoſed equal to 2. | 

AGAIN, the al Life at its reach- 
ing the Point B, may be look d upon 
as having ſurvived the third Life any 
Time before it reached the Point D, 
and the ſecond Life immediately after 
its reaching the cotreſponding Point C, 
all which Circumſtances may be repre- 


#—Z 8 0 
ſented by the Produſt = x 7 * 


* of > 22 8 
and therefore 5 . : Lis once 


more 
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more the meaſure of the Probability of 
all thoſe Circumſtances having happen- 
ed in ſome Moment of Time or other 
comprehended within the Space g. . 


| AND therefore XXL is the 


— 
Meaſure of the Probablics 51 the firſt 
Life's having ſurvived the other Two 
within a Space of Time equal to 2. 

LET now q be written inſtead of 
* then = K * will repreſent the 
Probability of the firſt Life's having 
ſurvived the other Two within an In- 
terval of Time equal to the ſhorteſt of 
the Three AS, ES, HS. 

LET us now inquire what the Pro- 
bability is of the firſt and ſecond Lives 
continuing together during a Time e- 
qual to the ſhorteſt Interval HS, and 
then of the firſt's ſurviving the ſecond. 
| THE Probability of the firſt Life's 
continuing during the Interval AG, and 
of the ſecond's failing before that Time 
be expired, is by the preceding Problem 
1 222 — -- o Ne + | 

7 75 


9 


THE 


ALI wn 
THE Probability of the firſt Life's 


continuing —_—_ the Space A E, and 
of the ſecond's failing before che Ex- 


piration of that Time, is —— 41. 


TH 
WHEREFORE, ſubtracting the 


ſecond Probability from the Firſt, there 
will remain — "4 +2 14 


expreſſing the Probability 5 the Firſt 


Life's havin ng ſurvived the other Two, 
but not befo 


Complement be attained. 


LET us now add together the Pro- 


babilities of the Firſt Life's having ſur- 
vived the other Two, both before and 
after the End of the ſhorteſt Complement 


is attained, and the Sum of thoſe Two 


Probabilities, viz. 1 = © 2 — 2 1 1 
will be the Probability FP the 15 Lies 


ſurviving the other Two. 
2* IN the ſame Manner it will be 
found that the Probability of the ſecond 


Life's ſurviving the other Two is 2 
1 
#P 


2* AND 


re the End of the ſhorteſt 
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n by K 
_ on * 
mu 


204 Of Annortings 
z AND that the Probability of the 
the third Life's ſurviving the her Two 
is 11. & "Ap 


2 i} "6 OBE: 8 
421 which may be expreſſed as 
— e 
1* TARK E = the Square of the mea; 
Complement, and to it add 4 Part 
the Square of the ſhorteſt; then let the 
Sum be ſubtracted from the Product of 
the greater and mean Complements 
multiplied rogether. — 
2* FROM = the Square of the mean 


Complement, ſubtract + Part of the 


Square of the ſhorteſt, 

3* TAKE = Part of the Square of 
the ſhorteſt. * | | 

THEN the ſeveral Numbers ariſing 
from the ſeveral Reſults of theſe Opera» 
tions will be proportional to the reſpec- 
tive Chances which each Life taken in 
Order, viz. the youngeſt, middlemoſt, 
and oldeſt have, each of them, of ſur- 
viving the other Two. OD] 

THus ſuppoſing three Lives, Viz. 
of 40, 50 and 60, the longeſt, mean, 
and ſhorteſt Complements, will reſpec- 
tively 


” A wn, 9 3 ef CT. 
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tively be 46, 36, 26, by help of which 
Numbers, the three Numbers ariſing 
from the Operations here preſcribed, will 
be found 895%, 535%, 225% which 
are nearly in the Propottion of 13, 8, 
and 3j; and theſe Numbers will re- 
2 be proportional to the Chan- 
ces which each Life has of ſurviving 
the other Two. 


PROBLEM XXVI. 


1E NE E Lives being given, to find 
5 the Probability of an) Two of them 
fixed upon outliving the third. 


SOLUTION: 
* AK E the Product of the lots 


geſt and mean Complements, 
from which ſubtract half the Product 
of the longeſt and ſhorteſt, and from 
the Remainder ſubtract again half the 
Product of the mean and ſhorteſt, then 
to this laſt Remainder add one third of 
the Square of the ſhorteſt Complement, 


P 2 FROM 


* - "_ * , * * 2 5 N - e © WO 
7 2 . , 9 * * pe * ”— IS" "4" | , +1842 _ — . „ e a * "REM 8 
A N F | ”Y ba * c » * 9 _ * * 3 4 
. a 4 7 G2 . 8 2 : . : * 1 
EF Ti = ? ; + — , 
= a 
, & ' 0, 1 © 
- 


w 2* FROM half che Prodact of the 
longeſt and mean Complements ſub- 
tract one ſixth Part of the Square of 
8 r 502 onal; 
in 3 FROM half che Product of the 
Fl longeſt and ſhorteſt Complements ſub. 
ih track one ſixth Pam of the Square of 
| the ſhorteſt. 93% [5:55 8 
THEN the Numbers ariling from 
the Reſults of theſe ſeveral Operations 
will be reſpectively proportional to the 
14 ſeveral Chances which the youngeſt 
wil and middlemoſt Life, the youngeſt Aid 
11 oldeſt, the middlemoſt and oldeſt te- 
ſpectively have of outliving the third 
remaining Life. 4 


PROBLEM XXVII. 


It Three. Perſons A, 
OB, C, whereof the Firſt A ir in Poſ- 
feffron of an Annuity for his Life ©; the 
ferond B to ſtand next in Reverſmn ex- 
cluſive of C, and C to have the Expecto- 
tion of the Neyerſion for him and his Heirs 
for ever, in Caſe A ' ſurvives B, to find the 
Value of the Expectation of . 
11 JU: 


sSoLuTTION. 


the Reverſion would be 


to the Expectant C, were that Rever- 


ſion abſolute, that is, were there no 
Life intercepted between him and 4; 


now by the VIIth Problem it appears, 
that if from the Value of the Two 
Lives of 4 and C, the Life of 4 be 
ſubtracted, there will remain the Value 
of the Reverſion. Let us ſuppoſe that 


the Life in Poſſeſſion be worth 11 Years 
Purchaſe ; it will follow therefore that 
the Reverſion will be worth 9 Years 
Purchaſe ; for C being to have the An- 
nuity for him and his Heirs for ever 
after the Life of 4, the Two Lives of 
4 and C together are worth 20 Years 
Purchaſe, fince the Life of C is to be 
perpetuated by his Heirs. © _ 

2* 9 Years Purchaſe being the Va- 
lue of the Reverſion to C upon Sup- 
polition of an abſolute Right, ler us 
conſider what Diminution this Value 


vill ſuffer from the Interpoſition of the 
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108 Of ANNUITIESs 
Life of B, for which let us ſuppoſe that 
the Probability of As ſurviving B is 
expreſſible by the Fraction , there- 
fore by the firſt Principle laid down 
in the Doctrine of Chances, the Value 
of the Contingent Reverſion is of 
9, that is 6 Years Purchaſe. 

AND by the ſame Principle, if there 
were ever ſo many Lives intervening 
between the preſent Poſſeſſor A and the 
Expectant C. the Value of the Rever- 
ſion might be determined by previ- 
ouſly knowing the Probabilities o Sur- 


vivorthip. | 


PPP 
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Dr. HALL EY 


's TABLE of Obſervations, exhibiting 
the Probabilities of LI FE. 


erſo.-\ Age. [Perſo. | Age, Perſe Ae. Perſo. Age. Perſo. * 
| — — f ff 
15 | 628 | 22 586 29] 539 | 36 | 481 
16 | 622 | 23 | 579 | 30 | 531 | 37 | 472 
661 | 17 | 616 | 24 | 573 | 31 | 523 | 38 [463 
653 | 18 | 610 | 25 | 567 | 32 | 515 | 39] 454 
646 |] 19 | 604 | 26 | 560 | 33 | 507 | 40 | 445 
640 | 20 | 598 | 27 | 553 | 34 | 499 | 41. | 436 
634 21 592 | 28 | 546 42 
Per ſo. Ae. Per ſo. Age. Ferſo. 
346 | 57 | 272 | 64 | 202 
335 | 58 | 262 | 65 | 192 
324 | 59 | 252 | 66 | 182 
313 | 60 | 242 | 67 | 172 
302 | 61 | 232 | 68 | 162 
292 | 62 | 222 | 69 | I52 
282 | 62 | 212 | 7o | 142 
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